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Abstract
A process thought to be important in explaining the observational characteristics and overall evolu-
tion of globular clusters is that of binary - single star scattering. This study explores the effects that
result from the non-infinitesimal sizes of the interacting stars, in contrast to many preceding studies
in which the stars have been treated as points. Computationally simple, and therefore relatively
crude, models have been developed for the effects of tidal forces and mass transfer between the stars,
and these models have been included in a large-scale Monte Carlo calculation of the overall effects
of scattering. The principle case studied was that of a 1.4 M e neutron star incident on a binary
composed of a 1.0 M e white dwarf and a 0.4 M e main-sequence star, which was placed in an initially
circular orbit with a period of about 3.8 days. In order to determine the relative importances of
some of the parameters involved in the simulations, additional calculations were conducted in which
the initial orbital period, the orbital eccentricity, the set of masses and the strength of the tidal
perturbation were varied from their values in the standard case. In addition to providing new esti-
mates for the cross sections for ionization events, exchange events and various kinds of mass transfer,
these calculations reveal the wholly unanticipated possibility that the process of mass transfer may
produce ionization interactions even when the total energy of the three-body system (excluding the
internal binding energy of the stars) is initially less than zero.
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Chapter 1
Introduction
Globular clusters are very dense conglomerations of stars that reside within the halos of most galaxies.
The number of stars within a globular cluster can range from about 104 stars to as many as 106,
and in the centermost regions of a globular cluster the density of stars may be 100,000 times as large
as it is in the neighborhood of the Sun. These large star systems provide stellar dynamicists with
useful laboratories both because close encounters between stars occur frequently within them, and
because their nearly spherical shape allows researchers to take advantage of symmetry to simplify
their work.
An interesting characteristic of globular clusters is that an unusually large number of X-ray
sources are found within them. Relative to the total number of stars in each case, common novae
are found much more frequently in globular clusters than they are in the Galaxy as a whole (Web-
bink 1980), and bright (> 1036 ergs/s) X-ray sources are found - 100 times as frequently as in the
remainder of the Galactic bulge (Clark 1975, Katz 1975). Equally intriguing is the fact that glob-
ular clusters also contain a disproportionately large number of millisecond radio pulsars (Kulkarni,
Narayan and Romani 1990).
Theoretical models have provided convincing arguments that link each of these classes of objects
to some kind of tightly-bound binary system, either at the present time or at some time in the
object's past history. The binary systems involved in these models are comprised of a compact
object (white dwarf, neutron star or black hole) in orbit around a relatively normal main-sequence
or giant star. If a binary system of this type evolves to the point where mass is transferred onto
the compact object, then the system may be observed as one of the classes of objects named above.
For example, mass transfer onto a white dwarf will result in a common nova, while a neutron-star
or black-hole companion which is receiving mass will be observed as a bright X-ray source. If the
process of mass transfer onto a neutron star is somehow halted, the result is a rapidly rotating radio
pulsar, which is why these objects are sometimes called 'recycled' pulsars. The large numbers of
X-ray sources and fast radio pulsars that have been discovered in globular clusters seem to indicate
that close binary systems are much more common there than in other regions of the Galaxy.
Theorists have suggested a number of processes that might cause binary systems to grow more
tightly bound, and eventually to transfer mass. For example, both magnetic braking and gravi-
tational radiation are capable of removing angular momentum from the orbit of a binary system,
causing it to spiral inward. However, neither of these processes is influenced by the external envi-
ronment of the system. In order for the tightening mechanism to be useful in explaining the large
numbers of X-ray sources and fast radio pulsars found in globular clusters, the mechanism must
operate more efficiently in an environment with a high density of stars.
One process that satisfies this requirement is that of gravitational scattering. In fact, the rate
of close encounters between objects should rise as the square of their density. Since gravitational
scattering also is capable of enhancing the number of close binary systems in several ways, this
mechanism may provide an explanation for the large numbers of close binaries in globular clusters.
One possibility for a manner in which gravitational scattering may increase the number of close
binaries is through close encounters between individual stars. If the tidal interactions between these
two stars can dissipate enough energy and orbital angular momentum, then the two stars may
become bound, creating a new binary system. The resulting binary would have to be very close,
since the initial passage between the two stars would necessarily have been very close, implying that
the system would begin with a relatively low angular momentum. Not only does this mechanism
increase the total number of binaries, then, but it favors the formation of tightly bound systems
(Fabian, Pringle and Rees 1975, Press and Teukolsky 1977, Lee and Ostriker 1986).
However, the tiny size of individual stars means that a passage between two stars that is close
enough to result in tidal capture is very unlikely, even given the extremely high stellar densities
in globular clusters. Furthermore, the process of dissipating large amounts of energy and angular
momentum can have a profound, and often devastating, effect on the star that is responsible for
that dissipation (Kochanek 1992).
In addition to this two-body process, however, gravitational scattering may also act through
encounters between binary systems and single stars. This mechanism may offer more promise in
explaining the over-representation of close binary systems in globular clusters, primarily because it
increases the effective size of one of the two scatterers; instead of two objects of stellar size, one
of the objects has the dimensions of the binary system, which is frequently many times the size
of a single star. In fact, order of magnitude calculations indicate that a primordial binary should
undergo at least one close scattering event during the lifetime of the cluster.
Binary - single star scattering may act to enhance the number of unusual objects within a
globular cluster in two ways. One of these is that lighter stars tend to be replaced with heavier
stars during the course of a scattering event. As a result of stellar evolution, neutron stars are some
of the most massive objects remaining within globular clusters, so this exchange process will serve
to increase the number of binary systems containing compact objects. This increase, in turn, will
increase the number of X-ray sources that appear in globular clusters.
Another general result of binary - single star scattering is that when a binary system is left
behind by the scattering event, it often is more tightly bound than the binary that existed before
the scattering event. While a "soft binary" (one with binding energy lower than the average kinetic
energy of the field stars) will tend to lose binding energy until it is disrupted by the scattering
process, "hard binaries" usually grow more tightly bound as a result of the close passage of a field
star. This result is known as the "Heggie Law" (Heggie 1975).
In addition to providing a potential explanation for the observational characteristics of globular
clusters, scattering between binaries and individual stars may also have a strong influence on the
overall evolution of a globular cluster. When globular clusters are treated as systems of individual
stars with no primordial binaries, theoretical calculations indicate that most of these systems should
collapse to a singularity on a time scale much shorter than the age of the Galaxy. However, because
the binary - single star scattering process often releases energy to the kinetic motions of stars
(extracting energy from binary systems so that they become more tightly bound), it may act as a
source of "heat" for the globular cluster. In the same fashion that nuclear burning supports a star
against gravitational collapse, the "burning" of binaries through scattering may help to support a
globular cluster (Elson, Hut and Inagaki 1987, McMillan 1986a,b).
Some attempts have been made to explore the binary - single star scattering process analytically
(Heggie 1975, Hut 1983a, Hut and Inagaki 1985, Heggie and Hut 1993). Although this problem
involves three bodies, these authors have shown that it is possible to develop formulae that describe
the scaling of scattering cross sections with various parameters (Heggie and Hut 1993). Most of the
progress that has been made in understanding the binary - single star scattering process, however,
has been provided by numerical simulations, particularly numerical simulations using Monte Carlo
techniques.
The first large-scale simulation of binary - single star scattering was conducted by Hut and
Bahcall (1983, referred to as HB hereafter), a study in which all three objects were treated as points
of equal mass. This pioneering work has served to provide a framework within which the binary -
single star scattering process may be discussed, in addition to confirming the general scaling laws
that were derived analytically. Succeeding authors have expanded upon the work of HB, primarily
by examining the effects produced by considering scattering events that involve objects with different
sets of mass ratios (Hills 1992; Sigurdsson and Phinney 1993).
However, a significant fraction of encounters will result in close passages (less than a few stellar
radii) between two of the objects, particularly when the relative velocity between the field star and
the binary is small at large distances. In these cases the approximation that all three objects are
point-like is inadequate, since tidal interactions and mass-stripping may play an important role in
close encounters.
Several attempts to include these effects have been made. In 1984, Krolik, Meiksin and Joss
attempted to follow the evolution of a binary system as it journeyed through a globular cluster
environment, and these workers were able to include a crude approximation of the mass-transfer
process. Recently Davies, Benz and Hills (1993 and references therein) have used smoothed-particle
hydrodynamic techniques to analyze extended-body effects for a small subset of encounters arising
from a larger simulation. These latter techniques are exciting and promising, but their limitations
are only poorly known, and their computing demands are extensive.
This study will pursue an approach that is similar to that of Krolik, Meiksin and Joss (1984,
referred to as KMJ hereafter). Briefly, that philosophy is to develop simple, and computationally
simple, models for the effects that arise from the non-vanishing size of each object. In order to
maintain the simplicity of the calculation two of the objects in each simulation will be compact
(one white dwarf and one neutron star), so that they may be treated as points. These models are
then superposed on an existing calculation that treats each object as a point mass. Addressing the
problem in this fashion allows a statistically interesting sample of events to be gathered, while at
the same time providing a valuable check upon the smoothed-particle hydrodynamic approach.
Since the vast majority of stars observed in globular clusters are main-sequence stars, most of the
scattering events in a globular cluster are likely to involve binaries composed of two main-sequence
stars. The same argument suggests that main-sequence intruders will also be extremely common.
Though the present study takes a significant step forward by treating one of the three objects as
non-pointlike, most scattering events that occur in globular clusters are likely to involve two, or
even three, objects with non-vanishing size. Hopefully future studies will be able to explore these
possibilities.
In Chapter 2 the basic components of the calculation to be undertaken are described, including
the formulation of the problem, the possible outcomes, and the usage of cross sections to quantify
these outcomes. Chapters 3 and 4 discuss the models that will be used to simulate the effects that
result from the non-vanishing size of the objects; Chapter 3 describes the calculation of the effects
of mass transfer, and Chapter 4 the model for tidal interactions. The results of the simulations may
be viewed from several different perspectives, and two of these are addressed in Chapters 5 and 6.
In Chapter 5 the results are presented in a form that is intended to be most useful for making
comparisons with globular cluster observations. Here the kinds of objects that are produced by the
binary - single star scattering process are discussed, along with their rates of production. Chapter 6
discusses the scattering process from the point of view of stellar dynamics, quantifying the amount of
energy that may be extracted from binary systems and used to support clusters against gravitational
collapse. Finally, Chapter 7 presents the conclusions that may be drawn from this study.
Chapter 2
Foundations
2.1 Formulation
The first stage in any study of three-body scattering is the development of a computer code capable
of describing the interactions of three bodies, each approximated as a single point. This problem
is well defined, but because three bodies are involved it must be studied through direct numerical
integration, and therefore demands a considerable amount of computing power. The first numerical
study of this kind was carried out by HB, and their work still provides the context in which binary -
single star scattering is discussed.
One contribution made by these authors was the formulation of this specialized three-body
problem. Because there are three objects, and because the position, f(t), and the velocity, Y(t),
must be specified for each, this problem has eighteen variables in addition to the masses of the three
objects. However, nine of these variables are eliminated during the course of choosing the coordinate
system, which makes the problem tractable. The choice of origin, the choice of the orientation of
the axes, and the choice of reference frame each eliminate three of the variables, leaving nine others
that either must be eliminated on physical grounds or studied using Monte Carlo techniques.
Since an initial binary system is involved in the problem, three of the remaining nine variables are
used to describe that system. The semi-major axis, a, the eccentricity of the orbit, e, and the initial
phase of the binary system, 7r, are sufficient to completely specify the initial state of the binary. The
remaining six variables are used to define the initial location and velocity of the intruding object with
respect to the center of mass of the binary. Its initial velocity, V', is most conveniently expressed in
spherical coordinates, v, 0, and €, but the most meaningful manner in which to specify the intruder's
initial location is more difficult to describe. Basically there are two pieces to this specification: there
is one component of the displacement, r, which is parallel to the direction of travel, and two others,
b and 0, which are perpendicular to V-.
a ande give the shape
of the orbit
Figure 2-1: Schematic diagram of the nine variables used in formulating binary - single star scat-
tering.
A diagram illustrating the meanings of these nine variables is provided in Figure 2-1. In this
diagram the variables b and 0 are placed within an "impact plane," which is defined so that its
orientation is perpendicular to the velocity vector and so that it lies a distance r from the center of
mass of the binary at its closest point.
Casting the nine independent variables in these terms, however, allows for two further simplifi-
cations. Though the starting distance between the intruder and the initial binary will be used in
the calculation, the only restriction that must be observed in assigning its value is that this sep-
aration must be large, so that the gravitational acceleration between intruder and binary will not
have altered their relative trajectory before the beginning of the calculation. Thus the distance r
may be fixed at some large multiple of a (r = 106a was chosen for these simulations) without loss
of generality.
Another variable that disappears from calculations that involve point mass objects is the initial
binary separation, which is eliminated during the process of casting the equations in dimensionless
form. The natural unit of measure for the relative velocity between the intruding object and the
binary system is the critical velocity:
/G mm 2(mi + m 2 + m3)
= a ms(ml + m2)
for which the total energy of the three-body system vanishes. When the velocity is expressed in these
units, the variable a cancels out of the equations. The binary separation regains some importance
when the models for the effects of non-vanishing stellar size are introduced, but for those simulations
in which the objects are treated as point masses the value of a may be ignored safely.
The remaining seven variables must be treated explicitly by the numerical simulation. Most of
these variables are sampled randomly, using a Monte Carlo technique, which effectively conducts
an average over the randomly sampled variables. Monte Carlo techniques are particularly effective
when applied to systems that are chaotic in nature (that is, systems which are extremely sensitive
even to infinitesimal changes in their initial conditions), because in many of these systems defining
a functional dependence upon each variable is impossible. In these cases the most useful manner in
which to express the results is as a statistical average over the possible initial conditions, which is
precisely the purpose of the Monte Carlo method.
In the case of binary - single star scattering the variables that should be averaged over are b, 0, 0,
phi and rl. The other two variables (v and e) demand special attention, however. The more important
of these is the initial relative velocity between the intruder and the binary system, v. Because the
velocity distribution is different for every stellar environment, differing even from globular cluster to
globular cluster, expressing the results of the scattering process in terms of functions of velocity is
more useful than conducting a Monte Carlo average over a single velocity distribution. Therefore,
the velocity will not be selected randomly in this study; instead a small subset of velocities will be
examined, and each will be explored thoroughly.
The orbital eccentricity of the initial binary, e, must also be treated with special care. Obser-
vations of the distribution of orbital eccentricities in real systems are extremely difficult to make,
but in most cases for which the measurements can be made the orbit appears very close to circular.
In fact, theoretical arguments agree that the distribution of initial binary eccentricities should be
strongly weighted toward the low-eccentricity end (Phinney 1992, Heggie and Rasio 1995, Rasio
and Heggie 1995). Furthermore, previous scattering studies (Hut and Bahcall 1983, Sigurdsson and
Phinney 1993, Davies, Benz and Hills 1993) have found that the effects of including an initial binary
eccentricity are small and easily quantified, at least for scattering events that involve point mass
objects. These studies all find that the eccentricity plays a relatively minor role in determining the
result of a scattering process. In those cases where the eccentricity does exert some influence over
the calculated cross sections, the cross sections seem to scale linearly with e.
As a result of these considerations, this set of simulations will focus its attention on scattering
that involves an initially circular binary. Like the initial binary separation, the orbital eccentricity
will demand more attention when the simulations that apply models for finite-size effects are run,
but it will be ignored during the course of the preliminary runs involving point-like objects.
In practice, the first step that must be taken when conducting a three-body scattering study is
the choice of the masses that will be used. Since X-ray observations have played a prominent role
in motivating studies of this type, compact objects (white dwarfs and neutron stars) should play
a prominent role in the calculations. An added benefit of treating some of the interacting stars as
compact objects is that they may be treated as point masses, a fact which greatly simplifies the
calculation. All of the sets of objects that I will use in conducting my simulations will involve at
least two compact objects, so that my calculations may take advantage of this simplification. In
fact, the majority of binary - single star encounters that take place in globular clusters will involve
at least two main-sequence stars, and frequently the binary system will be a main sequence - main
sequence binary. Encounters such as these should be pursued by future studies, but for simplicity
the present work will restrict itself to systems with at least two compact objects.
One set of masses that I will use in conducting my simulations will consist of equal mass objects.
The main reason for choosing this set is to provide a means of comparing my results to those obtained
by HB. This purpose can be achieved with a relatively small number of scattering events, so the
simulations that I will conduct during this portion of the study will be limited.
The standard model that will be used by this study will consist of a 1.4 Me neutron star incident
upon a binary system composed of a 0.4 Me main-sequence star and a 1.0 Me white dwarf. This
choice of masses is motivated by the results of observations of globular clusters, which indicate that
most white dwarfs residing therein have relatively high masses, while the main-sequence stars that
remain in globular clusters tend to have relatively low masses when compared with main-sequence
stars in other regions of the Galaxy.
In order to explore some of the effects of changing the mass ratios within the simulation, this
study will focus some attention on a third set of masses consisting of a 1.4 Me neutron star incident
upon a binary system composed of a 0.8 Me main-sequence star and a 0.6 Me white dwarf. This
set of masses is the same as the one used by Davies, Benz and Hills (1993), a fact that will facilitate
comparisons between their work and that of the present study. In addition, this set of masses is of
physical interest because the 0.8 Me main-sequence star lies near the turnoff mass in present-day
globular clusters; future work may take further advantage of this fact by treating this star as a red
giant of the same mass.
From here on I will denote these sets of masses as 1.0-+1.0-1.0, 1.4-+0.4-1.0, and 1.4-+0.8-0.6.
Once the masses of the objects have been chosen, the next step in the calculation is to specify
the parameters of the initial binary. As discussed above, the orbital eccentricity, e, is set to zero,
and the semi-major axis is fixed at a value of a = 11.5 Re, which corresponds to an orbital period
of - 3.8 days for both 1.4--+0.4-1.0 and 1.4--+0.8-0.6.
Because the choice of the orientation of the axes is free, the binary initially is placed in the x-y
plane, with its major axis along the x axis, and the center of mass of the binary at the origin. The
intruder is assigned a speed, v, and the variables 0 and 0 are chosen randomly. Next the intruder
is backed away from the center of mass of the binary for a distance r along the direction defined
by 0 and €. From there the intruder is moved a distance b in the impact plane, so that its velocity
remains perpendicular to the impact plane, but is no longer directed toward the center of mass of
the binary. The direction of this final displacement is defined by the angle 0, which is measured
from the projection of the z axis onto the impact plane.
The choice of the magnitude of b demands a balance between two competing considerations. The
most important of these is that the maximum allowed impact parameter must be large enough to
include all of the interactions of interest - otherwise the resulting cross section will be inaccurate.
On the other hand the maximum impact parameter must be limited to a relatively small value in
order to minimize the amount of computing time that is wasted in calculating uninteresting events.
Following HB, a small set of preliminary runs are used to determine a satisfactory upper bound
for b, and that upper bound is then applied to a much larger set of calculations. Furthermore, the
actual value of b for each individual scattering event is chosen linearly, in order to produce an over-
concentration of very close scattering events. Since the actual distribution of impact parameters
should vary quadratically (proportional to cross sectional area), this distribution must be accounted
for during the process of analyzing the results of the scattering simulations.
Finally, when the relative positions of the binary system and the intruder have been specified,
the choice of origin and choice of reference frame are used to place the center of mass of the entire
system at the origin, and to set the total momentum of the system equal to zero.
Once these preparations are complete the calculation of the scattering event may begin. A
fourth-order Runge-Kutta integrator is used to follow the trajectories of the objects, with a time
step that is adapted according to the relationship
dt = fmax (irj (2.2)
where f is an accuracy parameter, and Irij I and Ivij represent the magnitude of the separation and
relative velocity between each pair of objects, respectively.
The value of f was chosen so that the total energy, total angular momentum and total momentum
of the system of three particles are always conserved to better than one part in 104 when the point-
mass approximation is used. This condition was met for f = 0.01, and most of the scattering events
conserve these three quantities much more accurately.
Fixing f at such a low value has a serious impact on the speed of the calculation, since the
intruding object begins at an enormous distance from the binary. During the bulk of the intruder's
approach toward the binary it will have no appreciable influence on the binary orbit, but the time
step will be held at a low value by the motion of the objects within the binary system. This problem
is circumvented by treating the binary system as a single object until the intruder has approached
closely enough that its gravity may begin to disturb the system. In this calculation that distance is
set at 50a, at which point the gravitational potential of the intruder should differ by less than 2%
over the size of the binary system, and its gravitational force by less than 0.04%.
2.2 Classifying and Quantifying the Results
2.2.1 Broad Classes of Outcomes
Another contribution made by HB is the language in which the outcomes of three-body scattering
events are discussed. For encounters that involve three point masses there are four possible end
states. These are classified by HB as: a flyby, in which the intruding star leaves the (possibly
altered) binary system after the encounter; an exchange, in which the intruder replaces one of the
other stars, which is ejected from the system, thereby creating a new binary system; an ionization,
in which no binary system remains after the encounter; and a resonance, in which all three stars
interact for a time long compared to the orbital period of the original binary. Theoretically the
formation of a stable triple system also is possible, but the probability of doing so is vanishingly
small when all three objects are approximated as point masses.
Although almost all resonances eventually will resolve themselves into one of the other possible
end states, limitations on computing time prevent every event from being followed to its conclusion.
Events that cannot be brought to their conclusion will be categorized as "unresolved", and will be
considered a subset of resonance events. In order to minimize the number of unresolved events, the
upper limit on the number of time steps for this calculation was set at 1 x 106, but for the lowest
values of v/va the unresolved encounters still make a large contribution to the uncertainties in the
results of the calculation.
The purpose of maintaining the distinction between prompt and resonant interactions is to
provide a means of estimating the number of events that undergo passages which are close enough
to allow the non-vanishing size of the objects to have some effect. Since this study includes those
effects explicitly, the distinction between resonant and prompt encounters loses its importance. For
the purpose of providing a more complete basis from which to compare this work with other efforts,
however, the use of the category is maintained for use with 1.0--+1.0-1.0.
I will calculate a number of different kinds of cross sections during the course of this study. For
the sake of convenience I will combine these cross sections into a few broad groups. For example,
the introduction of my models for the effects of non-vanishing size will allow the system to undergo
several different types of mass transfer. The cross sections for these various types of mass transfer
will be placed in the broader grouping of "mass-transfer cross sections."
Though HB defined four or five different kinds of event outcomes, only ionizations and exchanges
will be important for the results of the present study. These kinds of cross sections will be described
under the broad heading of "event cross sections."
In an attempt to translate my results into quantities that may be measured and tested by
astronomers, I have defined several new kinds of cross sections. These will appear in Section 5.2,
and consist of end states for the system that are likely to stand out in observations of globular
clusters. I will combine these newly defined cross sections under the category of "observable object
cross sections."
2.2.2 Calculating Cross Sections
The ultimate purpose of studying a scattering process is to determine the probability that a given
result will occur. Since the exact initial conditions of real systems are impossible to determine, the
most useful manner in which to express this probability is in terms of an average over a subset of
initial conditions; in this case the variables that are to be averaged over are 0, 0, ), r7 and b. As
discussed above, the other variables (a, e and v) will be given special attention.
Mathematically, the averaging over the angular dependence and over the impact parameter may
be carried out using
x(v) = j diP jd d sin OdO d(7rb2)px(0, 4, , b; v), (2.3)
where Px (0, 0, 0, b; v) is the probability that a single scattering experiment has outcome X (ion-
ization, for example), and where ox represents a cross section (i.e. an effective surface area) for
outcome X.
Since classical mechanics is fully deterministic, Px may only have a value of zero or one for a given
set of initial conditions. The completion of a calculation of the average cross section, then, would
require a set of simulations covering all possible initial conditions. Unfortunately this complete set
of scattering simulations is infinite, so the integrals must be approximated with discrete sums over
a finite number of scattering events. The integrals may be simplified further by reducing the upper
limit on the impact parameter from infinity to b,a,, since interesting outcomes to scattering events
do not occur for larger values of b.
As long as the variables are sampled properly, then, the cross section becomes:
ex(v) = ba xiv) (2.4)
where nxi is one if the result of the experiment was X, and zero otherwise. The denominator
represents the total number of scattering events, so ni is always one; the denominator is left in the
form of a sum so that the adjustments that will be made to it are more easily understood.
"Proper sampling" demands that the variables 
€ and 0 be sampled uniformly from 0 to 27r, that
0 be sampled uniformly in cos 0 from -1 to 1, and that b be sampled quadratically from 0 to b2maz
In order to improve statistics and to reduce the amount of computer time wasted on uninteresting
events, however, b is sampled linearly rather than quadratically. As a result our sum is calculated
using:
() Enxi(v)bi (2.5)x(v) =- rbmax E ni(v) bi (2-5)
These kinds of sums appear frequently, so for simplicity I use the notation
nAib = n ). (2.6)
The cross section, then, can be written as
2 n( (v)
ax(v)= -rba n()(v) (2.7)
This derivation of the cross section for an event of type X has made an implicit assumption
regarding the nature of the outcome of each scattering event. Namely, the derivation assumes that
every event is carried to its conclusion. Because only a finite amount of computing resources is
available, this condition is impossible to meet, and therefore the calculated cross section must be
adjusted. After removing the unresolved encounters (denoted with the subscript unres), the best
estimate of the cross section becomes:
a ) max~ () (2-8)
an(b)(v) - nunres(v)
2.2.3 Uncertainties in the Cross Section
In every Monte Carlo simulation there is some uncertainty in the determination of a given quantity
because of the finite number of events that may be computed. In this case that uncertainty will
depend on both the number of hits (events that result in outcome X) and the number of misses
(events that result in some other resolved outcome), and is quantified as:
AO' X ("1/ niss 1/2 (2.9)
flx/ \ nx + nmis O
Note that even though the calculation of the cross section weights each event with its impact pa-
rameter b, the calculation of the statistical uncertainty does not. Since the statistical uncertainty
measures the importance of fluctuations in the number of events of type X, and since only nx real
events have been calculated, this larger estimate of the uncertainty still applies.
In addition to the statistical uncertainty, however, some uncertainty has been introduced into the
calculated cross sections by those events that could not be resolved. The limits on the uncertainty
introduced by this consideration are set by imagining that either all of the unresolved events are of
type X or that none of them are. The upper limit on the cross section, then, is given by:
(b) (b)
ohi = 7b 2 nx + nunre, (2.10)
and the lower limit by:
" = 2bXna b. (2.11)
I combine these uncertainties by treating the systematic uncertainty introduced by the unresolved
events as being equivalent to a 2o statistical uncertainty. The true cross section, then, should lie
within the range
+ + X < <rue x - A- x, (2.12)
where
ix) _ _) ) 2] 1/2
A+ox(v) = ox (n -n unres -nx) + 2nnes (n(b) - n (bres - n(b) (2.13)nx (n - nnares) 2n (bn(b) un X
and
( - nures - nx) n2es 1/2(2.14)A-.ox(v) = orx [(n - n lX) +  ()2 / (2.14)
nx(n - nunres) 4n(b)2
2.2.4 Measuring Energy Release
From the point of view of globular cluster dynamics binary - single star scattering is important
because it may act as a source of energy, helping to support the cluster against gravitational collapse.
From this point of view the quantity that is most interesting is the amount of energy that is available
to the motions of the free objects within the cluster, which is analogous to the thermal energy of a
gas of particles. This quantity is different from the total energy of the system, because it ignores
the energy that may be stored in binary systems. I will refer to this quantity as the "free energy"
of the cluster, in order to distinguish it from other kinds of energy.
Another kind of energy that will be useful in discussing the results of binary - single star scattering
is the sum of the kinetic energies and the potential energies of the objects relative to one another,
which I will call the "total mechanical energy." In producing this sum I will ignore the non-vanishing
sizes of the objects, both in dropping tidal perturbations to this energy and in dropping the internal
binding energy of each object. When the obects are treated as point-masses the total mechanical
energy is equal to the total energy of the system.
Under the point-mass approximation, then, binary - single star scattering produces a change in
the free energy (A) that is equal to the change in the binding energy of the binary system:
A = i (2.15)
where E in is the final energy of the binary and Ebin is the initial energy of the binary.
When the scattering process is generalized to include the effects of mass transfer and tidal
perturbations, however, the binding energy of the binary is no longer the only source (or sink) of
free energy. These effects also permit the total mechanical energy to change, and therefore the
change in the free energy, A, must include a term that measures the change in mechanical energy.
Though the quantity A is no longer composed solely of the change in the binding energy of the
binary, that binding energy still provides the most convenient means of normalizing A. Since the
total energy of the three-body system will depend on the initial velocity between the binary system
and the intruding object, and will be zero in some cases, the initial total energy is not a useful
quantity to use for normalization.
Because the change in free energy arises as a result of a scattering process, the most convenient
means of expressing the result is in terms of a cross section, which can then be integrated over some
density distribution and some velocity distribution. Therefore I define < aA > to be:
<rA J •-AdA. (2.16)
In practice this integral is calculated by approximating it as a finite sum. First each scattering
event is binned according to the amount of energy released, then I sum over the energy bins to
determine < eA >.
2.2.5 Uncertainty in < aA >
Determining the uncertainty in a measurement of < aA >, particularly the uncertainty that results
from unresolved events, is difficult because of the manner in which the events are divided into bins.
The method used to quantify the contribution of unresolved events to the uncertainty in the total
cross sections was to assume that all of the unresolved events fell under the category of interest, but
repeating that thought process results in an unrealistically large uncertainty in each energy bin, and
a correspondingly unrealistic estimate for the uncertainty in < aA >.
Instead the uncertainty in < e• > is estimated using the simulated data themselves. A variance
is calculated during the process of analyzing the data by treating each event as a separate measure-
ment of the amount of energy released. The estimate of < rA > that is provided by event i is equal
to wrbiaxAi. By averaging 7rbl~ Ai and (rbi7a7Ai)2 over all events i, I was able to determine the
variance in the measurements of < aA >, and I used that variance as an estimate of the uncertainty
in the average.
2.2.6 Gravitational Focusing
One of the most influential factors in determining a cross section is gravitational focusing. For very
low velocity encounters between two objects, the gravitational attraction between the two objects
will enhance the likelihood that the two will interact, effectively increasing the cross sectional area
presented to one of the two objects by the other. This effect is quantified by expressng the distance
of closest approach between the two objects, s, in terms of the impact parameter, b, and the relative
velocity between the two objects when they are infinitely distant, vo. Using the conservation of
energy and angular momentum, the relationship between these quantities is:
b2 S2 2sG(M3 + M1 + M2 ) (2.17)b = s + 2 (2.17)
where MT is the total mass of the system.
For very low velocities this relationship indicates that the effective area of an object, 7rb 2 , increases
with 1/ve. This dependence will appear in many of the cross sections presented in Chapter 5.
2.3 Preliminary Work Using the Point Mass Approximation
Before breaking any new ground, the computer code developed for this study was used to reproduce
results that have been established previously. Specifically, the code was asked to reproduce some
of the results obtained by HB, albeit on a much smaller scale. With the three masses taken to
be equal and the orbital eccentricity of the initial binary set equal to zero, 7.5 x 104 scattering
events distributed over thirty values for v/v, were simulated. The results that we obtained, shown
in Figures 2-2 and 2-3. are virtually identical to those of HB.
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Chapter 3
Modeling Mass Transfer
3.1 The Qualitative Picture
Describing the gravitational potential around a star in a binary system is much more difficult than
describing the potential around a single, individual star. A construct that often is used to simplify
this description is that of the effective potential, which consists of the normal Newtonian gravitational
potential that arises from the masses of the two stars, combined with the "centrifugal potentials"
that result from the orbital motion and rotation of the star in question, expressed in that star's
frame of rotation.
One of the consequences of including a centrifugal potential is that there is a locus of points
for which the centrifugal force is stronger than the gravitational attraction of the star. This locus
surrounds the star, and is labelled the "critical potential surface." Objects which co-rotate with
the star, and which lie further from the star than this surface, actually are not bound to the star.
Under normal circumstances the critical potential surface is much larger than the star itself, so that
objects typically are. not co-rotating at this locus.
Now imagine a compact object, such as a neutron star, passing very close to a relatively normal
main-sequence star. As the two objects approach one another, the critical potential surface around
the main-sequence star shrinks, until finally it intersects the surface of the star. When this happens
the material that lies beyond the critical potential surface will rush toward the inner Lagrange point
of the effective potential. Some of the material will then flow through that point, and into the the
realm of influence of the compact object. A cartoon picture of this process is shown in Figure 3-1.
A great many things may happen after the critical potential surface intersects the surface of the
star, all of them very poorly understood. For example, the donor star will have to adjust to a new
equilibrium configuration, an adjustment which may also affect the rate at which mass is stripped
from its surface. Furthermore, the mass that is stripped from the main-sequence star may be ejected
#3
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Figure 3-1: A cartoon picture of the mass-transfer process.
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from the system entirely, or it may form an accretion disk around the compact object. If the mass
moves into an accretion disk, the subsequent interaction between the disk and the remaining stellar
objects is certain to be complicated. Since good theoretical models for most of these processes do
not exist, I have been forced to make a number of simplifying assumptions.
One of the simplifying assumptions that I have made is that the mass transfer process is con-
servative, so that all of the mass removed from one object will enter into an accretion disk about
another. Another important simplification used in this model is that the donor object adjusts to
any mass loss instantaneously. These two assumptions provide reasonable first approximations, and
they have simplified my calculations considerably. They also are the assumptions that are likely to
be the most easily relaxed as more complex models become available.
Once the accretion disk has been formed, my calculations will ignore its dynamical effects, except
to use it as a repository of angular momentum. Preliminary simulations indicate that the typical size
of an accretion disk formed during the course of a scattering event is on the order of a few percent of
a solar mass. Therefore the gravitational perturbations that might arise from these disks are likely to
have a negligibly small effect on the results of the three-body scattering process. However, in order
to estimate the importance of ignoring the dynamical effects of the accretion disk, the results of the
scattering calculations were monitored. Two a posteriori factors indicate that this approximation
is excellent.
One of these two factors is related to the importance of the model for tidal perturbations, which
will be discussed in more detail in Chapter 5. Briefly, my simulations have demonstrated that the
tidal perturbations resulting from elliptical orbits have very little effect on the overall results of
the scattering process. Although they may exert some influence over the outcome of an individual
scattering event, on average tidal perturbations do not have a strong effect on the kinds of objects
that are produced by the scattering process. The tidal perturbations arising from an accretion disk
are likely to be even smaller than those arising from the distortion of a main-sequence star, so this
result indicates that the dynamical effects of an accretion disk may be ignored safely.
The second factor involves a number of test cases which I conducted in order to produce a more
quantitative estimate of the importance of this approximation. In these test cases I counted the
number of times that an object with an accretion disk underwent a periastron passage with another
star. This number was uniformly smaller than ten, indicating that even substantial accretion disks
would not be given an opportunity to influence the orbits of the stars significantly. The mass-transfer
process seems to produce such a dramatic change in the nature of the orbits that the scattering event
normally is resolved immediately after the transfer takes place.
One final simplifying assumption that I have made in constructing a model for mass transfer
concerns the manner in which mass transfer effects the orbital parameters. Since most mass transfer
is likely to take place at periastron, this calculation will use the changes made to the orbital pa-
Figure 3-2: The effective size of the critical potential surface, in units of the separation distance, as
a function of orbital eccentricity and donor rotation rate. The donor rotation rate is measured interms of Avni's parameter A, and can range from no rotation to co-rotation at periastron, for whichA = 1 + e.
rameters that result from mass transfer at periastron as an approximation to the changes that take
place during mass transfer at any point along the orbit. In other words, the changes to the orbital
trajectories (dF/r, dv/v) are calculated only for the special case of mass transfer at periastron, but
the results of that calculation are applied whenever mass transfer takes place. Since most mass
transfer does, indeed, occur near periastron, this approximation is very well justified. Indeed, if a
significant amount of mass transfer occurs at locations far from periastron then a merger is almost
certainly in progress. The details of the merger process are not important for these simulations, so
no effort has been made to develop a model for it.
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3.2 The Size of the Critical Potential Surface
The first step involved in calculating the effects of mass transfer between a pair of particles is to
determine whether mass transfer takes place at all. Therefore the size of the critical potential
surface about each object must be compared to the size of the object itself. In order to calculate the
effective radius of the critical potential surface, I have made use of a relationship that was derived
by Avni (1978)
GM 1 GM 2  GM2 1
= d2 2 Wro(X 2 + Y2 ). (3.1)
Here 4 is the potential of a point in Cartesian space (X, Y, Z), calculated with respect to star 1
(which is the donor star), and with that object's center at the origin. The Z axis lies along the spin
axis of star 1, which rotates at a rate of wrot, and which is assumed to be parallel to the orbital
rotation axis. D is the instantaneous separation between the two stars, while d, and d2 refer to
the distances between the point (X, Y, Z) and the centers of mass of the stars. When integrated
numerically for different values of the mass ratio and the rotation rate of the donor star, this formula
yields the periastron distance (in units of the donor's stellar radius) for which the donor star (star 1)
would exceed its critical potential surface.
This relationship is used to determine the size of the critical potential surface for a broad range of
orbital eccentricities and donor rotation rates (wrot). The results of these calculations are presented
in Figure 3-2 as a webbed surface of data points. The data is fit to a function (represented by a
shaded surface), which is then coded for use in the broader three-body scattering calculation. The
fit is accurate to better than 5%.
Again, several approximations have been used in determining the size of the critical potential
surface. Two of these, in particular, must be taken into consideration.
First, the Avni potential was derived using the approximation that the rotational axis of the
star is aligned with the axis of rotation for the pair of objects. This is certainly not true in the
case of a general three-body encounter, for which the spin axis and the orbital axis may have any
relative orientation. However, the changes in the effective radius of the critical potential surface
that appear when mis-alignment is taken into account are relatively small, particularly for q =
Mrec/Mdon > 0.5, a limit which is much lower than will appear in the present study (see Avni and
Schiller 1982, especially Figure 6). Since the problem of considering mis-aligned rotation axes is
extremely complicated, and since considering it will have a minimal impact on the results of the
calculations, I will approximate the size of the critical potential surface with the value that it takes
when the orbital and spin axes are aligned.
The other noteworthy approximation is that the star is assumed to be incompressible with respect
to the distortions that arise from of the presence of its binary companion. The star distorts so that
its surface shape matches the equipotential surfaces surrounding it, but the total volume of the star
is assumed to remain constant. As a result the calculation may compare the equilibrium radius of
the star with the effective radius of the critical potential surface. Since any compression of the star
will be tiny compared to the size of the tidal distortion, much less to the star's overall size, this
approximation should be excellent.
3.3 Calculating the Amount of Mass Transferred
Comparing the size of the critical potential surface to the size of the donor star allows the amount
of mass that is stripped from the surface to be calculated. In this study the structure of the main
sequence star is approximated by that of a polytrope. In the 1.4-+0.8-0.6 case the 0.8 ME star is
treated as a polytrope of index n = 3, while the 0.4 ME star that appears in 1.4-.0.4-1.0 is treated
as a polytrope of index n = 3/2. The polytropic structure of the star is stored in an array, and
the amount of mass that exceeds the critical potential surface at any given time is determined by
interpolating between the points of that array.
All of the mass that lies outside the critical potential surface of the donor star may not be
transferred to the receptor star, however. Because the material at the surface of the donor star can
adjust to the changing potential at a speed no greater than the local sound speed, only a fraction
of the material that actually lies outside of the critical potential surface (Amtot) at any given time
will be able to reach the inner Lagrange point. I have estimated that fraction by calculating the
ratio between the maximum angular velocity of material flowing around the donor surface (fOdyn)
and the orbital angular velocity of the receptor star as it moves past the donor (2orb). Basically
this ratio translates into a comparison of the time scale for material flow with the time scale for
donor-receptor interaction. According to this estimate, all of the material that lies within an angle
0 = f7r should be able to reach the inner Lagrange point. The fraction f is given by
f = dyn (3.2)
The area of this region is
A(fr) = R 2 sin OdOdB = 27rR2(1 - cos fr), (3.3)
so the amount of mass that is actually transferred, Am, is given by
A(frr)AmX = AmtotA 4(fR (3.4)
where Amt,t is the amount of mass that lies outside of the critical potential surface, and R2 is the
radius of the donor star.
Since (lorb is calculated during the course of integrating the orbits of the stars, only Qdyn, requires
the use of an external model. To first order ldyn can be estimated using the speed of sound at the
stellar surface:
dy C= . (3.5)
3.4 Determining the Changes in Stellar Radius
As mass is removed from the surface of a star, the star must adjust to these changing conditions.
In the context of the present study, the adjustment that is most important is the star's changing
radius, since the size of the star has a direct impact upon both mass transfer and the importance of
tidal perturbations.
During the binary - single star scattering process, any mass stripping that takes place will happen
very rapidly - much too rapidly for the donor star to be able to return to thermal equilibrium. In
fact, achieving thermal equilibrium is likely to require an adjustment time scale much longer than
the duration of any of these scattering events. As a result, the star's dynamical adjustment to its
changing structure must take place adiabatically.
Rappaport, Verbunt and Joss (1983) applied the adiabatic condition to low-mass stellar models
that were composed of composite polytropes, modeling the radiative interiors of low mass stars
as n = 3 polytropes, and their convective envelopes as n = 3/2 polytropes. The result of their
calculation was that the radius of a star changes with its changing mass according to:
6R 1 1 df f OQ (3.6)
= - M + (3.6)
R 3MfdQ dM a
where
1 df = 14.3363Q3
-
5 56 4
, (3.7)f dQ
9.7576
H = 0.776598 - 28 [1 e((Q (3.8)
28 [1 + exp((Q - 0.7585)/0.11163)]'
and (OQ {1-H(3.9)8MQ ad + dQf dQ
The symbols R and M represent the radius and mass of the donor star, respectively, while the
functions f and H are new functions, defined for the purpose of simplifying the derivation done by
Rappaport, Verbunt and Joss. The parameter Q represents the location of the juncture between the
radiative core and the convective envelope, measured in units of r/R.. Since very low-mass stars are
convective throughout their interiors, Q is set equal to 0 for the 0.4 ME main-sequence star. Using
Figure 22.7 in Kippenhahn and Weigert (1990), the value of Q for the 0.8 Me star is estimated to
be 0.95. Note that although the Rappaport, Joss and Webbink calculation treats the 0.8 Me star as
a composite polytrope, this is not inconsistent with treating its density profile as that of an n = 3
polytrope, since Q is very nearly 1.
3.5 The Effect of Mass Transfer on the Orbital Motion
The process of removing mass from one object and placing it upon another (or in a disk-like dis-
tribution about the other) clearly necessitates some adjustments to the locations and velocities of
the objects, if only to preserve the location and velocity of the center of mass. In fact, these are
the only adjustments that must be made if the transferred mass is assumed to re-combine with
the receptor instantaneously. A more important adjustment, however, is the one necessitated by
the gravitational effect of the transferred mass during the time in which it flows between the two
stars (see also KMJ). Determining the effect that this gravitational perturbation will have has been
responsible for the majority of the effort that has gone into developing the model for mass transfer.
In summary, the effect that mass transfer has on the orbital parameters was calculated through
direct numerical integration, using a specialized version of the three-body scattering code that treats
the objects as point masses. Two stellar objects were placed in a close orbit, so that one of the
objects would have exceeded its critical potential surface if its non-vanishing size were taken into
account. At periastron a small test mass was released from a location near the inner Lagrange point,
with an initial velocity chosen randomly from a range of reasonable values for the magnitude and
the direction. The evolution of this three-body system was then followed until the test mass met
conditions indicating that it had encountered an accretion disk around the receptor star. At this
point the test mass was combined with an accretion disk surrounding the receptor star, and the
changes in the orbital parameters were calculated.
Since the material stripped away from the donor star is likely to take the form of a broad spray,
the changes in the orbital parameters should be averaged over the spectrum of potential initial
velocities for the test mass. However, the changes in the orbital parameters will also vary with the
orbital eccentricity of the system, the rotation rate of the donor and the mass ratio between the two
objects. A grid of values for these latter three variables was chosen so that the change in a given
orbital parameter could be determined as a function of all three, and this calculation was repeated
for five hundred test masses at each grid point in order to average over the velocity.
Naturally each step of this calculation has its own set of complications. When the test mass is
released, for example, the position and velocity of the remaining donor star must be adjusted so that
the center of mass of the original donor is preserved. In addition, the ranges for the components of
the initial velocity of the test mass must be specified. This is accomplished by assuming that the
material that is stripped from the donor passes through the inner Lagrange point in a large spray as
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a result of its rapid flow around the donor surface. The magnitude of the velocity is allowed to range
up to the thermal velocity of particles near the stellar surface, and the velocity vector is directed
randomly into a hemisphere that is oriented away from the donor surface.
The test mass is re-combined with the receptor star when a pair of stopping conditions is met,
and again the calculation must ensure that the center of mass of the test mass - receptor system
remains constant. Of more interest, however, are the two stopping conditions themselves. One
potentially useful condition is that the distance between the test mass and the receptor is smaller
than the maximum possible size for an accretion disk around the receptor (Paczynski 1977), since a
test mass that encountered an accretion disk is likely to be stopped and absorbed rapidly. Another
condition worth considering, however, is that the test mass will join an accretion disk at the point
where its tangential velocity is equal to the velocity that an object executing a circular orbit around
the receptor would have at that distance from the receptor (KMJ).
Each of these conditions has at least one drawback: there is no guarantee that the receptor
will have an accretion disk at all, much less one of maximal size, and the test mass may have the
proper tangential velocity even when it is much too far from the receptor to have encountered a disk
(particularly when the orbital eccentricity is large). In concert, however, these stopping conditions
are very plausible, ensuring that the test mass will be combined with the donor when it is near the
-2
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Figure 3-4: A schematic diagram of the calculation of the changes in the radius and velocity vectors
as a result of the mass-transfer process.
point where its mass should actually encounter a disk. These conditions also have the advantage
that under normal circumstances they occur at very nearly the same location, as is illustrated in
Figure 3-3. Note that the stopping conditions will be met at a relatively early point in the orbit of
the test mass.
One final quirk that should be noted in the calculation of the effects of mass transfer is that the
test masses must be pushed some distance beyond the inner Lagrange point in order to ensure that
they will reach the receptor star. Otherwise, particularly for large orbital eccentricities and small
q - Mrec/Mdon, the test masses frequently return to the donor star, a difficulty which also was
encountered by KMJ. This result seems unphysical, and probably is a result of the fact that only a
single test mass is being released, rather than a spray of interacting test masses. Also, the possibility
that not all of the material that exceeds the critical potential surface will reach the receptor star has
been taken into account elsewhere. The purpose of this portion of the calculation is to determine
the effects that result from the mass that does get transferred.
Following KMJ, then, this study solves the problem by starting the test masses at some distance
beyond the inner Lagrange point. Where KMJ placed the test masses at a fixed distance beyond
the inner Lagrange point (15%), however, this calculation determines the minimum extra distance
required for each combination of mass ratio, eccentricity and donor spin, and places the test mass
just beyond that point.
Once the stopping conditions have been met, and the test mass has been combined with the disk
around the receptor star, the changes to the orbital parameters must be calculated. This is done by
comparing the actual separation and relative velocity vectors at the time of recombination to those
that would have existed had the mass transfer not taken place, as illustrated in Figure 3-4.
Some of the results of calculating the effects of mass transfer, are shown in Figures 3-5 - 3-11.
Each of these figures shows the change in one parameter of the orbital motion as a function of the
mass ratio, the orbital eccentricity and the rotation rate of the donor star. For the model used in
this study the parameter changes that are most useful are the changes in the three components of
the separation vector, the three components of the relative velocity vector and the change in the
angular momentum. In these graphs the term "radial" refers to the component that lies along the
separation vector of the two stars, "tangential" refers to the component that is perpendicular to the
separation vector, but still within the plane of the orbit, and "perpendicular" refers to the component
that is perpendicular to the plane of the orbit. Note that since the effects of a mis-alignment of
the spin and orbital rotation axes are ignored, the changes in the perpendicular components of
the separation vector and the radial velocity are zero, and the orbital angular momentum vector
maintains a constant direction.
Because the change in each orbital parameter depends on three variables, the information is very
difficult to present. Figures 3-5 - 3-11 attempt to do so by plotting the change in each parameter as
a function of mass ratio and orbital eccentricity for a given donor rotation rate, and then displaying
four donor rotation rates on each page. In these figures the orbital eccentricity is allowed to range
from 0.0 (circular) to 1.2 (hyperbolic), while the mass ratio, which is defined as q = Mrec/Mdon, is
allowed to range from 0.5 (low Mrec) to 5.0 (high Mrec). The donor rotation rate is defined in units
of the orbital angular velocity at periastron, and is allowed to range from a value of 0 (non-rotating
star) to 1 (co-rotation at periastron). Since tidal forces have a strong radial dependence (r- 6), two
stars bound in an elliptical orbit eventually will be forced to rotate at the angular velocity that the
orbit has during a periastron passage, making this the natural unit in which to measure the donor
rotation rate.
Once the average change in a given orbital parameter is calculated for the entire range of mass
ratio, orbital eccentricity and donor rotation rate, the resulting data points are fitted to a function
of these three variables. The function is then coded for use in the three-body scattering calculation.
The fits themselves are detailed in Appendix A.
Because of the nature of the calculation, estimates of the uncertainty at each grid point are
difficult to quantify. Therefore measures of the goodness-of-fit that involve these uncertainties were
avoided. Instead the goodness-of-fit was measured using
(Yfit - Ydata) 2
7y - , (3.10)
where Yfit represents the value of the parameter change that is calculated using the fitting function,
and Ydata is the value that was determined through direct integration of the orbits. For each of these
parameters the fit was good to an uncertainty level of about 10% or less. The fits are displayed as the
shaded surfaces in Figures 3-5 - 3-11, while the results of the numerical integrations are represented
by the webbed surfaces.
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Figure 3-8: The logarithmic change in the radial component of the velocity vector per unit mass,
dv,/vdm, as a function of orbital eccentricity and mass ratio, q = Mrec/Mdon, for (a) a non-rotating
donor, (b) a donor rotating at an angular velocity 30% of the angular velocity at periastron, (c) a
donor rotating at half of the angular velocity of the orbit at periastron, and (d) a donor co-rotating
with the orbital motion at periastron.
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Chapter 4
Tidal Interactions
4.1 Calculational Philosophy
When two stars are very far apart they may be treated as point-like objects, and the force between
them is easy to calculate. As they move closer to one another, however, the force becomes more
difficult to calculate, because it changes in magnitude across the non-vanishing size of the objects.
This change in magnitude will produce a distortion in the density distribution of the stars, which
in turn will produce a perturbation, the "tidal perturbation," to the gravitational force between the
objects.
In those cases for which the tidal perturbation must be calculated, it usually is calculated sep-
arately for each object, while the gravitational field of the object's companion is approximated by
that of a point mass. Since the coupling between the tides of the stars is much smaller than the
coupling between each star's tide and its companion's unperturbed field, this approximation pro-
vides a very high degree of accuracy. The approximation is particularly accurate when, as in the
sets of masses explored in this study, one or more of the objects involved in the calculation is a
compact object. The distortion to the star's density distribution is then decomposed in terms of
spherical harmonics, and the gravitational field of the companion is integrated over the new density
distribution to determine corrections to the gravitational force.
While this basic approach describes the reasoning used by many researchers, each worker has had
a different reason for pursuing the calculation, and the models that have been developed for tidal
perturbations apply to very different physical situations. During the course of conducting this study
I have taken advantage of results arising from two of those models. Specifically, I have applied the
model developed by Press and Teukolsky (1975) to orbits that are parabolic or marginally hyperbolic,
and for elliptical orbits I have adapted a model that was developed independently by Hut (1981)
and by Kumar, Ao and Quataert (1995).
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Because of the nature of the integrals that appear in the problem, both of these models express
their results in terms of the amount by which the orbital energy and angular momentum change
during a complete passage (one orbit in the case of a bound system). In order to make use of these
results, then, I have had to apply these changes impulsively, as the two objects execute a periastron
passage. While using the rates of change of these quantities to calculate continuous changes in
the orbital parameters would be more accurate, treating the changes impulsively is an excellent
approximation because of the strong (r - 6 ) dependence of the tidal perturbation on the separation.
In practice, then, the computer code first determines the moment at which a periastron passage
will take place. It then calculates the amount of energy and angular momentum that should be lost
during that passage, according to the prescriptions provided by the calculations described below.
The resulting changes in orbital energy and angular momentum are then transformed into changes in
the separation and relative velocity vectors, so that the coordinates of the objects may be adjusted.
4.2 Parabolic and Hyperbolic Orbits
The possibility that the process of two-body tidal capture might help to explain the large num-
bers of compact binaries in globular clusters was originally suggested by Fabian, Pringle and Rees
(1975). Although this mechanism probably is insufficient for that purpose, as discussed in Chap-
ter 1, their suggestion prompted Press and Teukolsky (1977) to develop a model for tidal interactions
applicable to nearly parabolic orbits. Since the relative velocities of objects in most dense stellar
environments (i.e., globular clusters) are relatively small at large distances (tens of kilometers per
second), encounters that involve nearly parabolic orbits will be common.
The results of the calculation done by Press and Teukolsky (1977) are quoted below, but the
reader is referred to their paper for a discussion of the implementation of the model. In the equations
below, the subscript 1 refers to the object whose distortion is being treated, and the subscript 2
refers to its companion, which is treated as a point mass. Rpe, is the distance between the objects
at periastron. The change in energy produced by this calculation is
AE= Ri = M ) 21+2R T1(ri), (4.1)
1=2,3...
where
Ti(=7) 2Z IQI2 I=n2ml2  (4.2)
n m=-I
with Qnt and Kntm representing the "overlap integrals" that arises from integrating the gravitational
potential over a single oscillational mode, and then conducting a Fourier transform on the result.
If the oscillational modes of the star are divided into radial ( ) and poloidal (Cnt) pieces:
m(r) = (¢(r)6,_ + C' (r)rv) Y(0, €), (4.3)
where ( is measured in units of M_ 1/2 , then these integrals become
Qn = rdrplr'- [C + (1 +1)(,], (4.4)
and
Knim = d ep ~i [wnlmt + mrn(t)]}, (4.5)
where
WIM = (_)+m/2 4 (I- m)!(1+ m)! 12/ T2( ),( )! (4.6)
Here c( is the true anomaly, p is the mass density of the star (a function of r, 0 and 4), Wnm is the
frequency of mode n, and the notation (_)k indicates that the function should be set equal to zero
if k is not an integer.
Since Press and Teukolsky (1977) were concerned primarily with identifying those passages that
might result in tidal capture, they did not attempt to characterize the orbit that might follow the
first passage, and therefore did not attempt to determine the amount of angular momentum taken
from the orbital motion. This latter quantity was derived by Kochanek (1992):
AL = v () AE, (4.7)
where I is the moment of inertia of the tidally distorted star and Q is its gravitational potential
energy. Because the amount of the distortion is small compared to the size of the star these quantities
are approximated with their spherical equivalents.
In order to complete the calculation of the energy loss for this model the overlap integral, Qnt,
and the frequencies, wnm, are required for the important oscillational modes. In their 1986 paper,
Lee and Ostriker extended the Press and Teukolsky (1977) calculation to several polytropic models,
for which they have tabulated these quantities.
Unfortunately, the model developed by Press and Teukolsky (1977) begins to break down for very
close periastron passages. For passages closer than about 6 R1, dE/E and dL/L begin to diverge,
so that for passages closer than about 4.5 R1 the results are completely unphysical. For lack of
a better solution to this problem, I have capped dE and dL at the values that they assume when
the weak-tide approximation begins to break down. Since mass stripping begins to take place for
passages that are closer than about 2.5 - 3 R1, this approximation will not be too damaging.
4.3 Elliptical Orbits
Not all passages between pairs of stars will take place on near-parabolic orbits, however, particularly
when the encounter involves three objects. In many cases a pair of stars will undergo a periastron
passage while executing an elliptical orbit. Several researchers (Lecar, Wheeler and McKey 1976,
Hut 1981, Kumar, Ao and Quataert 1995) have examined the evolution of binary orbits under the
influence of tidal perturbations, and they have developed a number of models to address the problem
of perturbations to elliptical orbits.
One difficulty that arises when studying the evolution of binary orbits under the influence of tidal
perturbations is the dynamical effect of the oscillations that are induced in the surface layers of a
star. If these oscillations persist for a number of orbits, their continuing interaction with the orbital
motion may produce powerful and unpredictable fluctuations in the orbital energy and angular
momentum (Kochanek 1992). In fact, rather than steadily depositing energy into oscillations, tidal
perturbations may alter the oscillational energy stochastically, with energy deposited or extracted
depending upon the details of the interaction.
For the sake of simplicity, I will assume that the oscillations in the surface layers of each object are
strongly damped, an approximation known as "the static tide limit." Although this approximation
side steps the problem of stochastic energy deposition, there are several good reasons for ignoring
that effect. One of these is that the rate of dissipation of tidal oscillations is very poorly known,
both because it depends critically upon the internal structure of the star, and because it will vary
over the spectrum of oscillational modes. Even more importantly, however, previous attempts to
characterize the evolution of orbits with weakly damped tidal oscillations depend on the regularity
and predictability of the orbital motion. In the case of a three-body interaction, however, the
predictability of the system is lost. A pair of stars that executes an elliptical orbit on one passage may
never undergo another because of the influence of the third object, and even if a second periastron
passage does occur between those two stars, the orbit may be drastically different. In the face of
this unpredictability the value of developing a more detailed model would be questionable at best.
The static tide model that has been developed most recently is presented by Kumar, Ao and
Quataert (1995), as a part of a more thorough study of stellar oscillations. An added level of
credibility is provided by the fact that the same results were obtained by Hut (1981), using a
completely different method of calculation. According to this model the change in energy is given
by
AE = 48rk tide')( ' M 0tM2(1 - e)-15/2 h - - h2) , (4.8)
where
31 + 255 + 1856 258 (49)
hi=1+-e+e +e +2 8 16 64
and
152 454 5 6 (4.10)h2 =1+-e +-e +-e,; (4.10)2 8 16
and the change in angular momentum by
AL 48r I( tide R t ) M otM2 -13/2 h pi (4.11)k M- (1 - e) h h- , (4.11)
_ o2 a 1 \peri
where
152 45 4 5 (4.12)
h3 = 1 + -e +-e +-e (4.12)2 8 16
and
h4 = (1 +e) 2 (1 + 3e+e . (4.13)
Here, the symbols a and e represent the semi-major axis and the eccentricity of the binary orbit
at the moment of periastron, respectively, and Mtot is the total mass of the two-body system. The
constant k is the apsidal motion constant, which was calculated for polytropic models by Brooker
and Olle (1955). The dissipation constant, Ftide, appears in a ratio with the average orbital angular
velocity, 2o. I assume this ratio to be large in order to ensure that the oscillations are damped
between periastron passages. The ratio of Wspin to £fperi compares the spin angular velocity of the
tidally distorted star and the orbital angular velocity at periastron. Once again subscript 1 refers
to the star that is distorted, and subscript 2 refers to that star's companion.
Chapter 5
The Simulations: Observable
Objects
5.1 An Academic View
During the course of completing this study I have conducted many simulations, each using a different
combination of parameters. These simulations are summarized in Table 5.1, which also lists the
section in which the results of that simulation are first presented. All of the simulations also were
analyzed for the amount of heat extracted from the systems, and the results of this analysis appear
in Chapter 6.
In order to facilitate comparisons among simulations, a similar spectrum of normalized velocity
was chosen for each simulation. The basic spectrum consists of 60 velocities spaced logarithmically
from v/v 6 = 0.01 to v/v, = 10.0, with 2500 scattering events at each velocity. A "full run," then,
consists of 150,000 scattering events. In fact, though the central focus of this study lies elsewhere,
the two simulations that are described in Section 5.1.1 represent the most thorough investigation of
point-mass scattering since HB. In addition to these two point-mass calculations, I have conducted
two full simulations in which my models for the effects of non-vanishing size have been included.
Once the basic results of the scattering process had been established, a number of shorter,
secondary runs were conducted in order to determine the importance of some of the parameters
involved in the simulation. These simulations required less precision than the basic runs, so that
only 30 velocity values were used in each of these. The velocities were chosen over the same range
as in the full runs, but the logarithmic spacing was made twice as large. Again, 2500 events were
calculated at each value of the velocity, so a "half run" includes a total of 75,000 scattering events.
The simulation that was run using 1.0-+1.0-1.0 also consists of 75,000 scattering events dis-
tributed over 30 values for the normalized velocity. Because HB did not extend their calculations
__ 1.0--+1.0-1.0 1.4-+0.4-1.0 1.4--0.8-0.6
point mass condensed run full run full run
approximation Section 2.3 Section 5.1.1 Section 5.1.1
include models for = 10 full run (+) full run
non-vanishing size a = 11.5R® - Section 5.1.2 Section 5.1.3
e = 0.00
vary strength of L = 100 half run
tidal perturbation no mass transfer - half run -
Section 5.1.4
vary orbital e = 0.25 - half run -
eccentricity e = 0.50 - half run -
e = 0.75 - half run -
Section 5.1.6
vary binary a = 5.75Re - half run -
separation a = 23.0R1 - half run -
a = 46.0R o  - half run -
Section 5.1.5
Table 5.1: A brief summary of the various simulations that are presented in the following chapters.
below v/va = 0.1, however, the velocities in this run have been condensed into the high velocity
portion of the spectrum.
5.1.1 Point Mass Simulations
The first step in studying the effects of models for the non-vanishing sizes of stellar objects is to
establish a baseline to which the results may be compared. Therefore, the first simulations that
I have conducted during the course of this study use the point mass approximation on scattering
processes that involve 1.4--0.4-1.0 and 1.4---0.8-0.6. A total of 150,000 events distributed across
sixty values of v/v, have been calculated for each of these sets of masses, and the results of these
simulations are shown in Figures 5-1 and 5-2. I have left the category of resonance interaction off of
these plots, in anticipation of the inclusion of models for the effects of non-vanishing size. Also, these
plots distinguish between the two different kinds of exchange interaction, rather than combining the
two into a single category. Because the masses of the objects in the binary system are no longer
equal, the cross section for exchange with one object will be different from the cross section for
exchange with the other.
The uncertainties in Figures 5-1 and 5-2 are calculated in the fashion discussed in Section 2.2.
Note that the best estimate for each cross section lies at a relatively low value of the allowed range,
particularly at low velocities. The reason for this is that unresolved events contribute much more
to the uncertainty on the high side than they do to uncertainty on the low side.
Qualitatively the results shown in these two plots are very similar to those produced for the
equal mass calculations, but some quantitative differences do appear. Each of these quantitative
differences may be explained by considering the set of masses involved.
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One change regards the cross section for an exchange of either kind, which increases substantially
from the 1.0-41.0-1.0 case to the 1.4-*0.4-1.0 and 1.4-40.8-0.6 cases. The equipartition theorem
suggests that more massive objects should leave an encounter with the smallest relative velocities,
and therefore any binary system that results from the encounter is likely to be composed of the most
massive objects. Since the neutron star is more massive than either of the other two objects in each
of these sets of masses, any binary system that results from these scattering processes is likely to
include the neutron star.
The equipartition theorem helps to explain another feature that appears in the exchange cross
sections for unequal point masses. For 1.4-.0.4-1.0 the white dwarf is more massive than the main-
sequence star. Given a random distribution of intruders, then, the intruder should change places with
the main-sequence star more frequently than with the white dwarf. For 1.4--+0.8-0.6 the situation is
reversed, so that the main-sequence star is the more massive object. In this case exchanges with the
main-sequence star are less frequent than exchanges with the white dwarf, but since the mass ratio
is less extreme than in the 1.4--+0.4-1.0 case, the difference in exchange cross sections is smaller as
well.
Although the equipartition theorem suggests that the neutron star should exchange places with
the lighter object, however, at high velocities the exchange cross sections actually reverse their
order. That the two exchange cross sections should move closer together as the velocity of the
intruder increases is not surprising, since high-velocity encounters will have less opportunity to
reach equipartition of energy. Still, the equipartition of energy still applies, so the crossover between
the two exchange cross sections is surprising.
An explanation for this crossover is provided by the appearance of ionizations. In order for a
binary system to remain after the scattering encounter, the object that is ejected from the system
must carry away enough energy so that the remaining two objects may be bound to one another. In
1.4--+0.4-1.0 the white dwarf is more massive than the main-sequence star, and therefore is capable
of carrying away more energy. Therefore the neutron star - main sequence star system that remains
is more likely to be bound than is the neutron star - white dwarf system that remains after the
ejection of the main-sequence star. This argument is reversed for 1.4---0.8-0.6.
Another quantitative change between the equal mass case and the other two cases is that the
ionization cross section increases for the 1.4--+0.4-1.0 and 1.4-+0.8-0.6 cases. The reason for this
change is more subtle than the one that underlies the change in exchange cross sections. The fact
that the velocity of the intruder is measured in units of the critical velocity would seem to indicate
that energy has been normalized, so that the likelihood of ionization should not change with the
alteration of the masses. However, normalizing the velocity to the critical velocity actually does not
normalize the energy. When the relative velocity exceeds the critical velocity by the same fractional
amount between the equal mass case and one of the others, the fractional increase in energy is
I -- .
actually much higher for the 1.4-+0.4-1.0 and 1.4-+0.8-0.6 cases, because the fractional energy
carried by the intruding object (in the rest frame of the binary) varies linearly with the mass. In the
1.0-1.0-1.0 case the intruder carries only 1/3 of the total mass of the system, whereas the intruder
in the 1.4-+0.4-1.0 and 1.4--+0.8-0.6 cases carries 1/2 of the total mass of the system, and therefore
also carries a larger fraction of the kinetic energy.
5.1.2 The Standard Model: 1.4-40.4-1.0
Mass-Transfer Cross Sections
One expected new result that appears upon the inclusion of models for the effects of non-vanishing
stellar size is that of mass transfer between objects. In Figure 5-3 are plotted the cross sections for
transferring mass from the main-sequence star to its white-dwarf companion, or to the intruding
neutron star, or to both of the compact objects. At the low velocity end of the spectrum the effective
cross section of the binary system is enhanced by gravitational focusing, so that the cross section
shows a characteristic a oc 1/v 2 rise (see Section 2.2.6). At the high velocity end, however, the cross
section seems to be approaching a constant value asymptotically. The range of velocities explored
in a standard run stops at a value that is too low to demonstrate the approach of the mass-transfer
cross sections to their asymptotic limit. Therefore I have extended my calculations beyond the
normal range. These results are presented Figure 5-4. The vertical range in this figure also has been
adjusted, so that the high velocity end of the cross section for mass transfer to both objects may be
seen.
For mass transfer onto the neutron-star intruder this constant value is determined by the actual
size of the main-sequence star. For very high velocities the fact that the main-sequence star resides
in a binary system is unimportant. In effect the high velocity of the intruder allows the neutron
star and the main-sequence star to be approximated as non-interacting particles. The cross section
for mass transfer in this case will be given by the expression 7a d = r i, where do is the separation
at which the main-sequence star overflows its critical potential surface. Using the Avni potential
(Eq. 3.1) for a mass ratio of q = 1.4/0.4 gives do = 3.6 R.. For a 0.4 M e main-sequence star this
translates into a cross section of o-,,, = 7.6 R2, or ons/ra2 = 0.0136. This value has been placed
on Figure 5-3 for reference. A similar calculation may be performed for the white dwarf, for which
the mass ratio is q = 1.0/0.4 and do - 3.3 R.. The normalized cross section that results from this
calculation is a,,da/ra = 0.0114. Whereas the existence of the binary system could be ignored
for high neutron-star velocity, however, the white dwarf and the main-sequence star can never be
treated as non-interacting particles. Because these two stars reside in a binary system there is a
centrifugal barrier that reduces the likelihood that they will pass close to one another. Therefore
the actual cross section for mass transfer onto the white dwarf is somewhat lower than the lower
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limit that results from the naive calculation described above.
Event Cross Sections
Introducing models for tidal perturbations and mass transfer produces a number of changes in the
overall cross sections for exchange and ionization. The most startling of these is that ionization
encounters appear at extremely low velocity, as can be seen in Figure 5-5. No simulation using the
point mass approximation could ever have predicted this result, because when this approximation is
used the total mechanical energy of the system must be conserved. Since the free energy can never
be larger than the mechanical energy (see Section 2.2.4 for definitions of these terms), an ionization
cannot occur when the mechanical energy is less than zero (or, alternatively, when v/ve < 1).
Including a model for mass transfer, however, allows the system to access another large source of
energy; namely, the internal binding energies of the objects. Material that is torn from the surface
of a main-sequence star and deposited in a disk around a compact object generally undergoes a
significant increase in the magnitude of its binding energy as it travels between objects. In fact,
this increase is so significant that the transfer of only a few percent of a solar mass of material is
sufficient to unbind the binary in the standard model.
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Since the orbits of binaries that result from low velocity scattering events are often very close
and highly eccentric, the likelihood of mass transfer is strongly enhanced in these cases. In addition,
a system in a highly eccentric orbit is much more weakly bound than one residing in a circular
orbit with the same angular momentum. If given enough time, tidal perturbations will gradually
dissipate the energy of such a system, circularizing the orbit and strengthening the binding of
the binary. When mass transfer is included, however, the system is not given the opportunity to
dissipate its energy in this fashion. Instead energy is released through the transfer of material,
easily overwhelming the system's binding energy. In essence the inclusion of this model for mass
transfer has revealed the existence of another kind of ionization process. In addition to normal
ionizations, which occur solely through the redistribution of mechanical energy amongst the stars,
my work predicts the existence of "mass-transfer ionizations," which are generated by the release
of the binding energy of the individual stars as a result of the mass transfer process. Because this
result is so surprising and unexpected, a single event of this type will be explored in detail in the
next subsection.
The appearance of ionizations at low velocities also produces some significant changes in the
exchange cross sections between the point-mass case and the extended object case. These changes
are most easily explained by searching for those events that have been transformed into ionizations
from other kinds of outcomes. Some mass transfer ionizations come from interactions that would
have been flybys if the point-mass approximation had been used. If a flyby removes a large amount
of energy and angular momentum from the initial binary, then a significant amount of mass transfer
onto the white-dwarf companion may take place, which may eventually result in the disruption of
the system. On the order of a few percent of flyby interactions are transformed into ionizations in
this fashion.
More commonly, however, a mass-transfer ionization results from an encounter that would oth-
erwise have resulted in a neutron star - white dwarf exchange. If the newly formed neutron star -
main-sequence star binary has an orbit that is close enough for the system to undergo mass transfer
then it often will unbind itself as a result. A significant fraction (on the order of 10%) of neutron
star - white dwarf exchanges may be transformed into ionizations as a result of this process, thereby
reducing the cross section for the neutron star to exchange places with the white dwarf.
An Interesting Ionization
The orbits for the objects involved in a single scattering event are shown in Figure 5-6. This event
is taken from the set of events performed at v/v, = 0.01413, using the set of masses 1.4--+0.8-0.6.
The event was taken from these calculations because the main-sequence star in this set of masses
has a larger physical extent than the one in 1.4--+0.4-1.0, which simplifies the task of finding an
illustrative ionization event.
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Figure 5-6: The orbits of the objects involved in a low-velocity ionization using 1.4--+0.4-1.0. (a)
Approach and first passage. (b) Return and second passage. (c) A brief do se do. (d) Final passages,
mass transfer (at the location of the x), and escape.
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For most of the time elapsed during the portion of the trajectories shown in panel (a) of Figure 5-
6, the intruding neutron star and the binary system are conducting their initial approach toward one
another. In the latter portion of this time sequence, however, the neutron star passes very near to
the white dwarf and sends it away from the system with a high velocity. The neutron star and the
main-sequence star become bound to one another in a new binary system, and together they move
away from the white dwarf. The white dwarf does not receive enough energy to become unbound
entirely; however, so that after a long loop (panel (b)) the three objects once again undergo a close
passage. Just before the time frame displayed in panel (b) ends, the white dwarf and the neutron
star undergo another close passage, which draws the white dwarf into the near vicinity of the main-
sequence star, and leaves the neutron star describing a loop near to, but separate from, the other two
objects. In panel (c) the white dwarf and the main-sequence star orbit one another in a pattern that
is made very complicated by the proximity of the neutron star. Finally, in panel (d), the white dwarf
and neutron star undergo yet another close passage, this time resulting in the ejection of the white
dwarf from the system. At this point the main-sequence star and the neutron star are following
convergent paths, and they undergo a very close passage at the point marked with an x. Mass is
stripped from the main-sequence star, and the resulting release of energy causes the remaining two
objects to become unbound from one another.
In addition to demonstrating the manner in which mass transfer may lead to an ionization, this
event also illustrates the reason behind the shape of the ionization cross section curve that is shown
in Figure 5-5. Because a resonance event will result in a large number of passages between objects,
a passage close enough to produce mass transfer is much more likely to take place during a resonant
encounter than during an event that involves only a single passage. For low velocities, then, the
ionization cross section should resemble the curve that describes resonance events under the point
mass approximation. A comparison of the shape of the ionization curve in Figure 5-5 with the shape
of the resonance curve in Figure 2-3 shows that this assessment is correct, at least qualitatively.
Another point that is illustrated by this event is the fact that the mass transfer that unbinds
the system takes place during a single passage, and the system becomes unbound immediately after
that passage. Figure 5-7 clearly displays this aspect of mass-transfer ionizations. In the top portion
of this figure are shown the masses of the three objects as a function of time, which remain constant
until very near to the end of the scattering calculation. In the bottom panel are shown the kinetic,
potential and total mechanical energies of the three-body system. Again, the total mechanical
energy is constant until the very end of the calculation. Then, during the mass-transfer process, the
mechanical energy increases to a positive value.
In addition to demonstrating the integral relationship between the onset of mass transfer and the
increase in the total mechanical energy of the system, Figure 5-7 illustrates a point that was made
during the course of discussing the approximations that I used in developing this model for mass
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Figure 5-7: The object masses and system energies, plotted as a function of time, during a low-
velocity mass-transfer ionization, with 1.4-+0.4-1.0. (a) Object masses. (b) Kinetic, potential and
total energies.
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Figure 5-8: Same as Figure 5-3, but for 1.4--.0.8-0.6.
transfer (Section 3.1). During the course of evaluating the importance of ignoring the dynamical
effects of accretion disks on these simulations, I noted that periastron passages involving an object
that has already accreted matter are exceedingly rare. Though an accretion disk probably does form
around the neutron star in the event shown here, the system has ionized by the time the accretion
disk appears, and therefore the disk will never be given the opportunity to influence the evolution
of the orbits.
5.1.3 The Set 1.4--+0.8-0.6
Mass-Transfer Cross Sections
The mass-transfer cross sections that have been calculated for 1.4-+0.8-0.6 closely resemble those
calculated for 1.4--.0.4-1.0. There are some small quantitative differences in the cross sections, which
result from the higher mass of the main-sequence star in 1.4--0.8-0.6 (0.8 M®vs. 0.4 Me), but the
shapes of the cross section curves are virtually identical. The calculation that was used to determine
lower limits for the mass-transfer cross sections in the 1.4--+0.4-1.0 case has been repeated for the
pairs in this set of masses. For the process of mass transfer onto the neutron star, the mass ratio of
q = 1.4/0.8 gives do c- 3.0 R.,, which translates into a normalized cross section of an,,,/ra2 = 0.043.
For mass transfer onto the white dwarf the mass ratio is q = 0.6/0.8, resulting in do z- 2.5 R., and
- I
"uder
8 M. MS binary-
:er to Both
er to NS
'er to WD
-
5as
IV
10 3
102
cd I
10
b
100
10 - 1
10-2
1 -3
I fn
.01 .1 1 10
V/Vc
Figure 5-9: Same as Figure 5-5, but for 1.4--0.8-0.6.
a normalized cross section of w,,d/7ra 2 = 0.030.
Event Cross Sections
As was the case with the mass-transfer cross sections, the event cross sections for 1.4-+0.8-0.6 show
a strong resemblence to those for 1.4--+0.4-1.0 (compare Figure 5-9 with Figure 5-5). One significant
difference between the two cases is that for the 1.4--0.8-0.6 case the dip in the ionization cross section
that occurs near v/v, = 1 seems to be much smoother than for the 1.4--+0.4-1.0 case. Because the
main-sequence star in the 1.4-+0.8-0.6 case has a larger radius, the overall probability for mass
transfer is enhanced. As a result mass-transfer ionizations are more common in the 1.4-*0.4-1.0
case, and this slight rise causes the two kinds of ionizations to merge more smoothly near the critical
velocity.
Another difference in the event cross sections arises because the white dwarf in 1.44-+0.8-0.6 is
less massive than the main-sequence star, which is the reverse of the situation in the 1.4-+0.4-1.0
case. As a result, the transformation of some neutron star - white dwarf exchanges into ionizations
causes the two exchange curves to move closer together rather than farther apart.
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Figure 5-10: Same as Figure 5-3, but for rtide/QO = 100.
5.1.4 The Importance of the Tidal Model
My ability to explore the importance of tidal perturbations is limited by the fact that the model
developed by Press and Teukolsky (1977), which is used for near-parabolic and hyperbolic orbits
in the present study, has no adjustable parameters. The conclusions that I reach in the following
paragraphs, then, refer only to the importance of varying the strength of the tide in elliptical orbits,
even though I will use shorthand by dropping the word "elliptical," and will refer to the importance
of the tidal perturbation.
In the model developed by Hut (1981) and by Kumar, Ao and Quataert (1995), the strength
of the tidal perturbation is measured by the dissipation rate, rtide (see Eqs. 4.8 and 4.11). The
processes through which tidal oscillations are damped are only poorly understood, so any value
selected for this parameter is arbitrary to some extent. However, since this model was developed
using the static tide limit, I have chosen a value that is relatively large compared to the orbital
angular velocity for use in the standard model. Specifically, a value of Ptide/ 2Qo = 10 is chosen for
the standard model.
In order to explore the importance of this parameter, I have conducted one simulation of 75,000
events, spread over 30 values of v/va, using a value of rtide/Q2o = 100. The set of masses used in this
part of the calculation was 1.4-+0.4-1.0, and the cross sections that resulted from this simulation
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Figure 5-11: Same as Figure 5-5, but for Ptide/lo = 100.
are presented in Figures 5-10 and 5-11. A comparison of these results with those obtained by the
simulations utilizing F•ide/Q0 = 10 is very difficult, because the deviations between the two are on
the order of a few percent, which is statistically consistent with no deviation at all. The specific
model for the tidal perturbation in elliptical orbits seems to have had virtually no effect on the
objects that are produced by the scattering process.
There are two likely reasons for the lack of influence wielded by tidal perturbations, but these
two are closely intertwined.
First, since most of the close passages that take place during the three-body scattering process are
extremely rapid, normally on hyperbolic or near-parabolic paths, the model for tidal perturbations
that is used for elliptical orbits will not come into play very often. The model that is used most often
is the one developed by Press and Teukolsky (1977) which, as I mentioned earlier in this section,
has no adjustable parameters.
Another reason why tidal forces play very little role in this simulation is that in every model
for tidal perturbations the amount of energy and angular momentum that may be placed in the
oscillations is small compared to the orbital values (for parabolic orbits the total energy vanishes,
but the oscillational energy still is small compared to the orbital kinetic energy). Though tidal
perturbations will gradually circularize and synchronize the orbits of binary systems, this process
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generally takes many orbits - in the case of the Earth-Moon system the process has not ended
after billions of orbits. Even increasing the strength of the perturbation by a factor of ten does not
appreciably alter its significance when compared to the system's orbital kinetic energy and angular
momentum, and since this simulation spans only a few dozen orbits the tidal perturbation does not
have time to exert an influence over the outcome of the scattering process.
The results of the simulation using Ftide/~o = 100 prompted me to run another simulation,
this time eliminating the model for mass transfer. By including only the tidal perturbations, this
simulation quantifies the effect that results from the tidal perturbations alone.
A careful comparison of Figure 5-12 with Figure 5-1 shows that there is no discernable change
in the cross section for exchange when tidal perturbations are added. The only significant difference
between these plots is that the cross section for ionization is smaller (at high velocities) when the
model for tidal perturbations is included. The most likely explanation for this change is that ioniza-
tion encounters that involve a distant passage between the intruder and the binary are transformed
into flybies by the inclusion of tides. When the point mass approximation is used the intruder is able
to supply enough energy to the system so that it becomes unbound, but when tidal perturbations
are included they dissipate some of the energy supplied to the system, causing it to remain bound.
Since distant passages make a larger contribution to the cross section than close passages, even a
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small number of events converted from ionizations to flybys will have a significant impact upon the
cross sections.
5.1.5 The Effect of Varying the Size of the Initial Binary
The effects of varying the semi-major axis of the initial binary are much stronger than those of
varying the details of the model for tidal perturbations. Therefore three additional runs, each of
75,000 events distributed across 30 values for v/v,, were conducted in order to explore these effects.
The results of these simulations are presented in Figures 5-13 - 5-20. I have removed the error bars
from the data points in these figures in order to improve their readability. The error bars closely
resemble those that have been presented in previous plots, most notably Figures 5-3 and 5-5.
The importance of the models for tidal perturbations and mass transfer is determined by the
ratio of Rs/a, where Rms is the radius of the main-sequence star. As this quantity decreases the
objects involved in these simulations become more and more point-like (as compared to the size
of the initial binary), reducing the importance of the models for the effects of non-vanishing size.
The variation in this parameter is responsible for the changes that occur as the semi-major axis is
increased in Figures 5-13 - 5-20.
One noticeable change that occurs as the semi-major axis is increased is that the cross sections
for exchanging the neutron-star intruder with the white dwarf or the main-sequence star increase
at very low velocities, as can be seen in Figures 5-17 - 5-20. There are two likely sources for events
that might be transformed into exchanges by an increase in the semi-major axis.
One of these sources is ionization events. As the semi-major axis increases, the importance of
mass transfer should diminish, resulting in fewer ionizations. However, the cross section for ionization
at very low velocity does not seem to be affected by changes in the semi-major axis, and since the
cross section for ionization is an order of magnitude smaller than the cross section for exchanging
the neutron star with the main-sequence star, even transforming all of the ionizations into exchanges
could not explain the observed increase in that kind of exchange.
The other likely source of events that might be transformed into exchanges is the category of
unresolved events. Most unresolved events take the form of long-lived resonances in which one pair
of objects forms a temporarily bound binary system, which executes a very highly eccentric orbit
with respect to the third object. Because this orbit is so large, the sum of the kinetic and potential
energy of the third object with respect to the bound binary system is very close to zero. In this
situation even the small change in energy produced by the tidal perturbation can have a large impact
on the outcome of the scattering event. When the original binary has a large separation the influence
of the tidal perturbation will be weaker than in cases where the separation of the original binary
is small. Events that result in exchange interactions for large binary separation, then, may become
unresolved for small separations because of the influence of the tidal perturbation.
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Figure 5-13: Same as Figure 5-3, but for a = 5.75Re.
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Figure 5-14: Same as Figure 5-3.
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Figure 5-15: Same as Figure 5-3, but for a = 23.OR®.
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Figure 5-16: Same as Figure 5-3, but for a = 46.ORa.
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Figure 5-17: Same as Figure 5-5, but for a = 5.75R®.
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Figure 5-18: Same as Figure 5-5.
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Figure 5-19: Same as Figure 5-5, but for a = 23.OR®.
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Figure 5-20: Same as Figure 5-5, but for a = 46.OR
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At first blush this conclusion may seem to be inconsistent with the simulations discussed in the
previous section, which showed that the details of the model for tidal interaction have very little
influence on the average outcome of the scattering process. However, since most encounters will take
place on orbits that are very nearly parabolic, the model for tides that will be used most often is
the one developed by Press and Teukolsky (1977). Since the preceding section explored the effect of
varying the strength of the tide for elliptical orbits, the results presented there have no bearing on
the importance of including a model for tidal perturbations to near-parabolic orbits.
The importance of the model for mass transfer should also decrease as R, s/a is decreased, and
this prediction is borne out by Figures 5-13 - 5-16, with one notable modification. At very low
velocities the cross section for mass transfer is less strongly affected by changes in the semi-major
axis of the initial binary than it is for high-velocity encounters. The reason for this is that most
mass-transfer events arise from resonance encounters that involve many passages. These kinds of
encounters are affected much less strongly by the size of the initial binary system, since encounters
that involve a large number of passages will have many more opportunities to transfer mass.
This result is not inconsistent with the results obtained by Hut and Inagaki (1985), who found
that the cross section for having a passage within a certain distance d was approximately proportional
to do.4, over a broad range of d. As these authors note, however, this dependence changes for very
small d because of the increasing importance of the gravitational focusing between the two bodies
involved in the passage, separate from the focusing involved in the larger scale three-body encounter.
At low velocities the importance of gravitational focusing between two bodies will be enhanced, which
will make changes in the size of the original binary less important for determining the likelihood of
close passages between individual stars.
The weakening influence of mass transfer is expressed in the cross sections displayed in Figures 5-
17 - 5-20 as well. For high-velocity encounters most ionizations involve a simple redistribution of
mechanical energy amongst the components, and therefore the ionization cross section remains
unaffected by the presence of a model for mass transfer in this velocity regime. Because the very low
velocity ionizations normally arise from resonance encounters, which are likely to transfer mass no
matter how large the initial binary separation, the cross section for ionization also remains unaffected
at very low velocity. In the intermediate range, however, from v/v, - 0.1 to v/vc 1, the cross
section for ionization drops noticably as a is increased. The result of this drop is a sharpening of
the cusp that appears at v/v, = 1. This cusp continues to sharpen for a = 23.0R® and a = 46.0Re,
although the smaller number of data points at these values of a makes this effect more difficult to
discern.
5.1.6 The Effect of Varying the Orbital Eccentricity of the Initial Binary
One other variable that deserves special attention is the orbital eccentricity of the original binary
system. As discussed in Chapter 2, other authors (most notably HB) have investigated the impor-
tance of this parameter using simulations that involve the point-mass approximation. The results
obtained by HB for the equal-mass case seem to indicate that the most important corrections to the
calculated cross sections vary linearly with e. Because the eccentricity of the original binary does not
have a strong influence on the results of the scattering process (when the point-mass approximation
is used), and because the true distribution of eccentricities in cluster binaries is likely to be weighted
strongly in favor of nearly circular orbits (Phinney 1992, Rasio and Heggie 1995, Heggie and Rasio
1995, and see discussion in Section 5.2.2), authors following HB have focused most of their attention
on cases involving e = 0.
For the sake of completeness, however, I have conducted three small simulations for the purpose
of exploring the influence of the orbital eccentricity. The results of these simulations are presented
in Figures 5-21 - 5-28. Again, I have removed the error bars from these figures in order to improve
their readability. The results shown in these figures are consistent with the conclusion that the cross
section for resonant encounters does vary linearly in e, although the resulting influence on other
kinds of outcomes demands more careful thought.
A perusal of Figures 5-21 - 5-28 brings out four significant variations as the value of the orbital
eccentricity is altered.
One of these is that as the eccentricity is increased the cross section for mass transfer onto the
white dwarf is increased as well, particularly at high velocities. Accompanying this change is the
second, which is a corresponding decrease in the cross section for mass transfer onto the neutron
star. An important factor that helps to explain this behavior is that the semi-major axis is held
constant while the eccentricity is varied. Since the periastron distance between two objects in an
orbit characterized by semi-major axis a and eccentricity e is rp = a(1 - e), an increase in the orbital
eccentricity of the original binary results in a decrease in the distance of closest approach between
the white dwarf and the main-sequence star. The cross section for transferring mass onto the white
dwarf increases with eccentricity, then, because that increase brings the two objects closer together
at periastron.
On the other hand, a binary system that is in an eccentric orbit will spend most of its time near
apastron. From the point of view of the intruding object, then, the binary system will appear to have
the size of its apastron distance, which is ra = a(1 + e). As a result, the size of the main-sequence
star is a much smaller fraction of the apparent size of the binary for high eccentricity than it is
for low eccentricity. This fact produces a correspondingly lower cross section for mass transfer onto
the neutron star. Although the results of the preceding section found that the normalized cross
sections for mass transfer were not strongly influenced by the size of the original binary (at least
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Figure 5-21: Same as Figure 5-3.
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Figure 5-23: Same as Figure 5-3, but for e = 0.50.
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Figure 5-25: Same as Figure 5-5.
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Figure 5-26: Same as Figure 5-5, but for e = 0.25.
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Figure 5-27: Same as Figure 5-5, but for e = 0.50.
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Figure 5-28: Same as Figure 5-5, but for e = 0.75.
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at low velocities), in this case the apparent size of the binary is changing (with (1 + e)) while the
normalization factor (ra 2 ) is remaining constant.
Accompanying these two changes in the mass-transfer cross sections is a gradual smoothing of
the cross section for ionization; this smoothing nearly washes away the cusp near v/ve = 1 for
very high eccentricity. As the apparent size of the binary is increased (by a factor of (1 + e),
see above) the cross section for resonant interactions also increases, which in turn increases the
likelihood of a mass-transfer ionization. However, the ionization cross section at high velocity will
remain unaffected, because in that regime the ionization cross section is dominated by events that
redistribute mechanical energy. The gradual disappearance of the cusp is a result of the fact that the
cross section for ionization at low velocity is rising with respect to the cross section at high velocity.
The fourth and most surprising change that appears in Figures 5-25 - 5-28 is that the cross
section for an exchange with the white dwarf is lowered, by about a factor of two, at the low velocity
end of the spectrum. Again, the most likely explanation for this effect makes use of the increase
in resonance encounters for increasing eccentricity. As discussed in Section 5.1.1, the equipartion
theorem suggests that, to the extent that the system has had an opportunity to thermalize its energy,
the most probable components of any binary system remaining after the conclusion of a scattering
event are those with the most mass. Since the white dwarf in these simulations is more massive than
the main-sequence star, equipartition suggests that a neutron star - white dwarf binary is the most
likely outcome for events that have the opportunity to thermalize.
Since events which result in the ejection of the white dwarf appear in all of the simulations
that I have conducted, however, many events obviously have no opportunity to thermalize. Indeed,
any event that is not a resonance is a candidate for the category of "non-thermal events." As the
number of resonance encounters increases, however, the number of events that have an opportunity
to thermalize also increases. Since neutron star - white dwarf exchanges are inherently non-thermal,
the likelihood of producing such an exchange is reduced by this increasing level of thermalization.
Reducing the number of neutron star - white dwarf exchanges might be expected to produce a
corresponding rise in the number of neutron star - main-sequence star exchanges. Because the cross
section for the latter type of event is an order of magnitude larger than that for the former, however,
this increase is too small to be detected in my simulations.
5.2 Finding Real Objects
5.2.1 Cross Sections
The cross sections presented in the previous section are very interesting in themselves, but before
they may be compared to observations of globular clusters they must be translated into cross sections
for the formation of observable systems. In an effort to generate these kinds of cross sections I have
defined five types of systems that seem important for observations of globular clusters.
Three of the systems for which I will try to calculate cross sections involve recycled pulsars. At
the end of one of the scattering events simulated during the course of this study, a neutron star that
has received mass from the main-sequence star may reside in one of three environments. It may be
isolated (after either a flyby or an ionization), bound to a white-dwarf companion, or bound to a
main-sequence companion (after one of the two different types of exchange). By re-dividing events
that involve mass transfer onto the neutron star into categories according to the outcome of the
scattering event, then, I can determine a cross section for producing a recycled pulsar in each of
these three different environments.
My definition of a recycled pulsar is extremely loose, since it places no restriction on the amount of
mass that must be transferred, and also says nothing about the process through which the transferred
material will accrete onto the neutron star, if it is able to do so at all. The processes that cause
the evolution of accretion disks, making active pulsars out of "dead" neutron stars, are very poorly
understood, and are certainly beyond the scope of the present study (see Michel and Dessler 1981,
Phinney and Kulkarni 1994 and references therein). For simplicity, then, I will assume that any
neutron star that strips a substantial amount of material (a few percent of a solar mass) from the
main-sequence star forms a disk and eventually becomes a recycled pulsar. In fact some models for
the formation of fast radio pulsars require the formation of a substantial disk, which is consistent
with the picture of mass stripping that is assumed by the present study (Michel and Dessler 1981).
In addition to the various kinds of recycled pulsars, I also have identified encounters that result in
binary systems that are closer than the original binary system by a factor of 2 or more. The purpose
of identifying these systems is to estimate the likelihood that a scattering event may produce a
system that is close enough to allow magnetic braking or gravitational radiation to induce mass
transfer at some future time. These encounters are labelled "close NS - MS binary" when they
result in a neutron star - main-sequence binary that has a semi-major axis smaller than half of the
original, and "close WD - MS binary" when the result is a white dwarf - main sequence star binary
that is half the size of the original. This definition of closeness is very crude, but it will serve as
a rough measure of the importance of scattering for producing close binaries; this question will be
addressed in more detail in Section 5.2.3.
The results of re-categorizing the outcomes of the scattering events in these terms are shown in
Figures 5-29 - 5-32. Because of the large amount of information that is displayed in each of these
figures I have removed the error bars from the data points in order to make the plots more readable.
Because the data points are determined by re-categorizing previous calculations, the error bars will
have a magnitude similar to those shown in Figures 5-1 - 5-9.
Some of the qualitative features that appear in Figures 5-29 - 5-32 may be identified immediately
by comparing the results with those illustrated above. For example, the cross section for producing
a close neutron star - main-sequence binary bears a close resemblence to the cross section for a
neutron star - white dwarf exchange, which is not surprising since the former is a subset of the
latter. Furthermore, the cross sections for producing an isolated recycled pulsar displayed in these
plots are very similar to the cross sections for mass transfer onto a neutron star. This also is not
surprising, since mass transfer onto the neutron star frequently results in an ionization event.
Also interesting is the fact that pulsar - white dwarf binaries are much more common than
pulsar - main-sequence binaries. Even for the 1.4-+0.4-1.0 case, in which the white dwarf is less
massive than the main-sequence star, the white dwarf is much more likely to remain behind in a
binary system when mass transfer has taken place. The reason for this is that while events that
involve mass transfer are only a fraction (5-10%) of the whole, and therefore had a minimal impact
on the cross sections described in the previous sections, the new categories that I have defined
are very sensitive to those events that involve mass transfer. As a result, the physical effects that
transformed neutron star - white dwarf exchanges into ionizations have a much stronger effect on
the categories defined in this section.
5.2.2 Production Rates for Real Globular Clusters
Strictly speaking, the simulations that I have performed are cabable of indicating the rates of
production of these five types of systems only for the specific case of an encounter between a neutron
star and a nearly circular binary system that has a semi-major axis of 11.5 Re, and which is composed
either of a 0.8 Memain-sequence star and a 0.6 Mewhite dwarf, or of a 0.4 M®main-sequence star
and a 1.0 Mewhite dwarf. Furthermore, the calculation of these production rates demands the
development of a model for the stellar environment in which the original binary systems reside. The
simplest models of globular cluster cores treat each as a spherical system of thermalized particles,
characterized by a density n and a velocity dispersion Vdisp.
For a thermal, Maxwellian velocity distribution, the probability of finding two stars with relative
velocity between v and v + dv is
1
P(v)dv = 2fvy, exp(-v 2 /4v2ip)v 2 dv. (5.1)
I have integrated the cross sections that are described and displayed in the previous section over
this velocity distribution, and multiplied by the density of neutron stars in the cluster core. I have
taken the density of neutron stars to be some fraction f of the total stellar density n, to produce a
rate of production, R,,, for end-products of type x per binary system. In mathematical terms
S= fn J v-(v)P(v)dv. (5.2)
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I have conducted this calculation for models of two globular clusters, 47 Tuc and w Cen, and the
results are summarized in Table 5.2. The quantities that I have used to describe these two clusters
have been taken from Meylan (1987, 1989). I have transformed Meylan's values for the fractional
mass in "heavy remnants" (primarily neutron stars) into number fractions by assuming that the
average mass for main-sequence and white-dwarf stars is roughly half of the average mass of the
heavy remnants (0.7/1.4), and his values for the total mass of each cluster were transformed into a
total number of stars by assuming that the average mass of the stars (including neutron stars and
white dwarfs) is about 0.4 M®.
Simulations that use the point-mass approximation are capable of describing only those kinds
of events that I have categorized as close binaries. The inclusion of the effects of non-vanishing
stellar size actually seems to suppress the production of these kinds of close binary systems. Since,
according to my models, the mass-transfer process often causes in the disruption of the closest binary
systems this decrease in production rate is not surprising.
I emphasize that the calculations undertaken in this section are very approximate, and should be
viewed only as lower limits for the production rates of the types of systems that I have considered.
There exist many other mechanisms for producing these kinds of objects, such as binary - binary
scattering (McMillan and Hut 1995) and scattering between other types of intruders and binary
systems (Sigurdsson and Phinney 1993). Including these other mechanisms undoubtedly will increase
the numbers of objects produced.
There are three aspects of my models for these two globular clusters that prevent my calculations
from being any more than order of magnitude estimates of the lower limit on production rates for
the systems that I have defined.
The least disruptive of these three is the uncertainty in the distribution of eccentricities of binaries
within the globular cluster. In calculating the production rates that I have presented in Table 5.2, I
have placed all of my initial binary systems in circular orbits. Calculations by Phinney (1992) and
by Rasio and Heggie (1995, also Heggie and Rasio 1995) indicate that binaries in globular clusters
should be very close to circular, unless they have undergone a very close scattering event in their
recent past. Furthermore, the eccentricity of the initial binary does not have a very strong effect on
the outcome of the scattering process. Therefore the lack of a good distribution for the eccentricities
of cluster binaries should not be a major source of uncertainty.
Another difficulty in applying these results to actual observations is the uncertainty in the true
distribution of stellar masses in cluster binaries. Since the cross sections do not vary by an order
of magnitude over the two sets of masses that I have explored, and do not vary by much more
than an order of magnitude between this study and the results that HB obtained using the point-
mass approximation, the present calculations may nevertheless provide good order-of-magnitude
estimates. The lack of a good model for the distribution of stellar masses and stellar types in cluster
47 Tuc w Cen
tidal radius, Rt, (pc) 70 80
age (Gyr) 13.5 15
total mass, 106 M®, (pc) 1.1 3.9
core density, n, (stars/pc3 ) 7.6 x 104 7.8 x 103
total number of stars 1 x 106 4 x 106
velocity dispersion, vdisp, (km/s) 13.4 21.2
neutron-star fraction, f 0.1% 1%
Production rates (per year, per binary system)
1.4--0.4-1.0:
Isolated pulsars 2 x 10- 14  8 x 10- 15
Pulsar with white-dwarf companion 2 x 10- 14  8 x 10- 15
Pulsar with main-sequence companion 2 x 10-15 2 x 10- 15
Close WD - MS binaries 3 x 10- 15  2 x 10-15
Close NS - MS binaries 8 x 10- 16 6 x 10- 16
1.4--+0.4-1.0(point masses):
Close WD - MS binaries 6 x 10- 15  3 x 10- 1 5
Close NS - MS binaries 2 x 10- 15  8 x 10- 16
1.4--+0.8-0.6:
Isolated pulsars 2 x 10-14 2 x 10-14
Pulsar with white-dwarf companion 2 x 10- 14  2 x 10- 14
Pulsar with main-sequence companion 8 x 10-15 6 x 10-15
Close WD - MS binaries 2 x 10- 15  2 x 10- 15
Close NS - MS binaries 4 x 10- 16 2 x 10- 16
1.4-+0.8-0.6(point masses):
Close WD - MS binaries 5 x 1 0 -1a  3 x 10- 1
Close NS - MS binaries 8 x 10- 16 6 x 10- 16
Heat injection rate (ergs/yr per binary system; see Chapter 6)
1.4-+0.4-1.0
8 x 103 0  6 x 102 9
1.4-+0.8-0.6
8x 103 0  6x102 9
Equivalent cluster expansion rate (pc/yr, per system; see Chapter 6)
1.4--+0.4-1.0
3.5 x 10- 20 2.5 x 10- 21
1.4- 0.8-0.6
3.5 x 10- 20  2.5 x 10- 21
Table 5.2: Summary of the calculation the rates of production for observable objects and the rate
of heat injection in 47 Tuc and w Cen. All quantities are per binary system.
47 Tuc w Cen
Isolated pulsars 2 4
Pulsar with white-dwarf companion 0.75 1
Pulsar with main-sequence companion 0.075 0.2
Close WD - MS binary 0.1 0.3
Close NS - MS binary 0.025 0.07
Isolated pulsars 0.75 2
Pulsar with white-dwarf companion 0.75 2
Pulsar with main-sequence companion 0.25 0.75
Close WD - MS binary 0.075 0.2
Close NS - MS binary 0.0125 0.03
Table 5.3: Order of magnitude estimates for the numbers of objects produced by binary - single
star scattering during the lifetime of 47 Tuc and w Cen.
binaries prevents these calculations from being more than that, however.
The most debilitating obstacle to making an accurate estimate of the rates of production of
observable objects is the uncertainty in the distribution of binary periods in globular clusters. As
discussed in Section 5.1.5, the size of the semi-major axis has a noticeable effect even on the nor-
malized cross section for a given type of outcome. When the production rates are calculated, these
normalized cross sections must be multiplied by the dimensions of the binary, introducing another
factor of a2 . Furthermore, changing the size of the binary changes the value of the critical velocity
for that system. Since the integration must be done over a velocity distribution in physical units
(km/s), changing the critical velocity affects the Maxwellian distribution (Eq. 5.1) in a complicated
way.
The production rates that are presented in Table 5.2 apply to models of 47 Tuc and w Cen
that are appropriate for these clusters at the present time. These models probably have not been
appropriate for those two clusters during the entirety of their lifetimes, however. In fact, the clusters
may have undergone a number of cycles of collapse and re-expansion since their formation (Elson,
Hut and Inagaki 1987, McMillan 1986a,b).
If, in spite of the uncertainties described above, these rates of production are taken to be repre-
sentative of the rates of production resulting from interactions between neutron stars and all kinds
of binaries that involve white dwarfs, then the rates quoted in Table 5.2 may be used to determine an
actual number of objects produced during the lifetime of the cluster, assuming that the production
rate has been nearly constant over the lifetime of the cluster. I have conducted this calculation,
estimating the lifetimes of 47 Tuc and w Cen to be - 1017 seconds, and assuming that the fractional
number of stars in binary systems in each cluster is about 20%, and furthermore that about 10% of
these binary systems contain a white dwarf. My estimates for the numbers of objects produced by
these two clusters during their lifetimes are shown in Table 5.3.
5.2.3 More About Close Binaries
In the preceding section I defined a "close binary" to be one in which a binary which resulted
from the scattering event had a semi-major axis that was half as large as the original binary. This
definition is very crude, however, and, since observers measure the period of a binary rather than
its semi-major axis, I have re-analyzed the results of my simulations to produce differential cross
sections for a flyby or for a neutron star - white dwarf exchange as a function of the ratio between
the final orbital period and the initial orbital period (Pf/Pi). In conducting this calculation I have
applied my cross sections to specific models for the globular clusters described above (47 Tuc and
w Cen), and integrated over the velocity distribution to produce a differential cross section averaged
over velocity.
The results of my re-analysis are presented in Figures 5-33 - 5-40. In these plots the differential
cross section, dt/d(P!/Pi), is plotted as a function of P1 /Pi. I have multiplied the differential cross
section for each bin by its width, however, so that the quantities may be compared more easily.
Therefore the vertical axis is actually do/d(Pl/Pi) x d(Pl/Pi). The uncertainties in these data
points are on the order of 10%; I have removed the error bars from the data points because they are
smaller than the sizes of the points in most cases.
The purpose of analyzing the scattering process in terms of the ratio between the final and initial
orbital periods is to provide a means of identifying those binaries that will evolve into contact over
the lifetime of a globular cluster. The most important means of evolution for the binary systems
considered here is magnetic braking, so a useful quantity to identify is the maximum orbital period
for which magnetic braking may produce appreciable evolution in the binary system over the age of
a globular cluster. I have not attempted to place this information in Figures 5-33 - 5-40, because
doing so would make the figures difficult to read. One method for estimating the maximum orbital
period is discussed in the following paragraphs, however.
In order for magnetic braking to occur, a binary system must include a main-sequence or giant
star (here I will consider only main-sequence stars) with some kind of stellar wind. As charged
particles are blown from the surface of the star, the particles are forced to co-rotate with the star
out to a large distance because of the star's magnetic field. Since their distance from the star is
increasing by many orders of magnitude, the angular momentum borne by those particles also is
increasing by many orders of magnitude (as r2 , in fact). Thus even a small stellar wind may carry
away a large amount of angular momentum. Because of the tidal interactions between the stars, the
orbital angular momentum is linked to the spin of the main-sequence star, allowing magnetic braking
to cause the system to evolve. Strictly speaking, theories of magnetic braking require the spin of
the main-sequence star to be synchronous with the orbital angular velocity. Although I cannot say
that these two angular velocities are synchronous in my three-body cases, I will use these theories
in order to gain an estimate of the influence of magnetic braking.
... _ ... -___. - -
During the course of their work on the evolution of binary systems, Rappaport, Verbunt and
Joss (1983; see also Verbunt and Zwaan 1981) parameterize the torque that arises from magnetic
braking, rmb, as
amb -3.8 x 10- 30 MR ( R w3dyncm, (5.3)
where M is the mass of the main-sequence star, R is the radius of the main-sequence star, and w is
the rotational angular velocity of the main-sequence star. The parameter 7 is introduced because
magnetic braking still is poorly understood. These authors explored a several values for 7, ranging
between 0 and 5.
If the torque that arises from magnetic braking (rmb) is multiplied by the age of the globular
cluster (which I will take to be 10 Gyr), the result is an estimate of the maximum angular momentum
that magnetic braking may remove from a binary system. If this angular momentum is taken to
be the initial angular momentum of the binary system, then it may be translated into an orbital
period, which will be the maximum orbital period for which magnetic braking is capable of bringing
the system into contact.
The result of applying this calculation to the systems that appear in the present study is that
the maximum orbital period is approximately 0.8 days. In order for a binary system to be "close" in
an absolute sense (that is, close enough to be brought into contact by magnetic braking), the ratio
of the final orbital period to the initial must be less than 0.6 for an initial period of 1.4 days, 0.2 for
an initial period of 3.8 days, 0.07 for an initial period of 11 days, and 0.03 for an initial period of 30
days.
The most noticeable feature in Figures 5-37 - 5-40 is the sharp peak near Pf/Pi = 1 for flyby
interactions. This peak arises because extremely distant passages between the intruder and the
binary system will not disturb the binary at all, and therefore the cross section for producing a
binary with the same period as the original is formally infinite for flyby interactions.
A more interesting feature of Figures 5-33 - 5-40 is the rise in the differential cross section for
increasing the binary period that results from an increase in the semi-major axis. This feature is
well-defined for the point-mass cases and appears in the other cases as well, though it is partially
obscured by other factors (most importantly by the increasing importance of mass transfer onto the
white dwarf for very small periods) when the effects of non-vanishing size are included. This feature
is another manifestation of the "Heggie Law" (Heggie 1975), which says that "hard" binaries will
grow harder as a result of scattering, and "soft" binaries will grow softer. As the semi-major axis
of the original binary is increased, the binary grows "softer" compared to the typical kinetic energy
of an object in the globular cluster, and therefore the likelihood of expanding the binary system
increases as well. The change in the differential cross sections that results from the change in the
semi-major axis is not a direct result of the change in size of the binary, but is instead a result of
the fact that the velocity distribution, when measured in units of ve, changes. This change is the
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one that makes all of the calculations presented in the previous section so uncertain.
Though these two features are interesting, neither results from the inclusion of models for non-
vanishing stellar size. From the point of view of the present study, then, the most important features
that appear in Figures 5-33 - 5-40 are an increase in the differential cross sections for expanding
the binary system that appears when those models are included, and a simultaneous decrease in
the differential cross section for reducing the size of the binary system (though the latter is barely
discernable on the plots). Both of these features act to reduce the production of close binary systems
from binary - single star scattering, and both result directly from the inclusion of mass transfer in
my calculations.
For the reasons explained in Section 5.1.2, the mass-transfer process in my simulations normally
results in an increase in the total mechanical energy available to the three-body system. The increase
in the differential cross section for producing a binary with a larger period than the original, then,
occurs because the increase in mechanical energy will put energy into the binary system, making
the system less tightly bound than it would have been if the point-mass approximation had been
used.
When the amount of mass transferred exceeds a few percent of a solar mass, the energy that is
made available to the binary system may be enough to unbind the system entirely (see Section 5.1.2).
Therefore the binary systems that would have been most tightly bound if the point-mass approxi-
mation were used often are transformed into ionizations by the mass transfer process. The decrease
in the differential cross section for producing very tightly bound binaries, then, also results from the
liberation of energy during the mass-transfer process.
5.2.4 Another Word About Production Rates
In Section 5.2.2 I made use of the equation
RX = niNs J vca(v)P(v)dv (5.4)
to calculate the rate of occurrance of a scattering event of type x per binary system. Here R, is
the rate at which events of type x take place (per binary), and nNS is the density of neutron stars
in the core of a globular cluster. The result of this calculation is then multiplied by the number of
binary systems, Nbin, to determine the overall production rate.
In order to develop a scaling law for the production rates of interesting systems in various
environments, we might assume that the density of neutron stars is proportional to the density of
stars, and that the number of binary systems in a cluster core is proportional to the total number of
stars. Since the cross section for a result of type x scales as a, oc 1/v 2 in the low-velocity regime, and
since the typical relative velocity between objects in a globular cluster will be near the dispersion
velocity, which is almost always much lower than the critical velocity for 1.4--0.4-1.0 and 1.4--0.8-
0.6, the cross section in the integral may be replaced with 1/v ,,. The result, then, is that the
overall rate of production should be proportional to
R, oc nN/vdisp. (5.5)
In examining observations of pulsars in globular clusters, however, Johnston, Kulkarni and Phinney
(1992) find that
R, oc n1/ 2 N/vdisp, (5.6)
indicating that low density clusters have more activity relative to high density clusters than expected.
The disagreement in the power to which the stellar density is raised in these two scaling laws might
be explained by two assumptions that have been used in the derivation of the order-of-magnitude
estimate. One of these two assumptions is that the number fraction of stars in binary systems is
constant from cluster to cluster, and the other is that the average cross section presented to intruder
stars by binary systems is independent of cluster density.
In fact the binary - single star scattering process itself will result in serious violations of these
assumptions. As "soft" binaries are widened, and eventually disrupted, and as "hard" binaries
are tightened (see Section 5.2.3), the function that describes the distribution of binary periods will
become more strongly weighted towards short period binaries. Not only will the scattering process
result in the destruction of some fraction of the primordial binaries in a globular cluster, then, but
it will cause the average period, and therefore the average effective cross section, of those binaries to
decrease. For dense clusters (where scattering is more common) the number of binary systems may
have been reduced by the scattering process, and the average effective size of the existing binary
systems may have been reduced as well.
I have conducted some additional production rate calculations in order to shed some light on the
question of why low density clusters contain a disproportionately high number of pulsars, but again
I must emphasize that these calculations are fraught with uncertainty. The two most important
assumptions that I have made are that the scattering process will produce similar results for every
possible set of masses, and that the past history of the cluster will not alter my results. In fact this
second assumption must be false, for the same reasons mentioned in Section 5.2.2. A cluster that is
in a collapsing phase of its evolution may have a central density many orders of magnitude higher
than at other phases. During collapsed phases, then, a cluster will process binaries at a much more
rapid rate than at other times, and the conditions that prevail during these phases will determine
the rates of production at the present time. (Elson, Hut and Inagaki 1987, McMillan 1986a,b; see
also Chapter 6).
In order to estimate the effect that stellar density might have on the scattering process, I have
integrated the function
T= vJf (v)P(v)P(P)dvdP (5.7)
for three different distributions of the binary period. One of these treats the period as being uniform
in log(P), a distribution which is taken from work done by Abt and Levy (1978), and which is
considered to be the standard model for the distribution of binary periods. I have repeated the
calculation for distributions that are uniform in 1/P, and in 1/P 2 , since these distributions result
in progressively sharper peaks at low values of the period. The lower limit on the integration over
the period distribution is taken to be 1 day, since binaries with periods shorter than that should
evolve through magnetic braking on a relatively short time scale. The upper limit is more difficult to
determine, and probably will also depend on the density of the cluster. The results of calculations for
four values of the maximum period (30 days, 50 days, 75 days and 100 days) are displayed in tabular
form in Appendix B. In order to make the results easier to visualize, I have plotted the production
rate (in units of 10- 16 events per binary system per year), for the three most fundamental types
of results, based on a maximum period of 50 days. These plots are shown in Figures 5-41 through
5-43.
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Figure 5-42: Same as Figure 5-41, but for white-dwarf exchanges.
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Chapter 6
The Simulations: Cluster
Dynamics
6.1 An Academic Approach to Heat Injection
As discussed in Chapter 2, the quantity that is most useful in determining the amount of heat
injected into a globular cluster by a scattering event is < aA >, where A is the change in the
free energy (defined in Section 2.2.4) of the system. This quantity has been determined for the
simulations conducted by this study, and the results for circular, - 3.8 day orbits are presented in
Figures 6-1 - 6-5. Note that in these figures the value of < a > is obtained by averaging over
all resolved encounters, subtracting the unresolved encounters and renormalizing the result. Also,
this calculation includes both the change in the binding energy of the binary and the change in the
binding energy of the transferred material as it flows between stars.
The most interesting quantity that may be gleaned from these graphs is the location at which the
scattering events that release energy to the cluster become less important than those that extract
energy from it. In every case this crossover occurs very close to v/v, = 1, which is consistent with
the "Heggie Law" mentioned in Chapter 2. In fact, the crossover point in these simulations lies much
closer to v/v, = 1 than does the crossover point for the equal mass case explored by Hut (1983b).
The fact that the crossover point depends on the mass ratios between the objects involved in the
scattering event is not very surprising, but the closeness of the crossover point in the 1.4--+0.4-1.0 to
that in the 1.4-+0.8-0.6 case is. What this result suggests is that, for the purpose of determining the
amount of heat injected into a globular cluster by a scattering event, the most important quantity
is the mass ratio between the intruding object and the binary system.
A small increase in the velocity for which the crossover takes place can be noticed if Figure 6-1 is
compared with Figure 6-2, and if Figure 6-3 is compared with Figure 6-4. When the effects of non-
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Figure 6-2: Same as Figure 6-1, but with models for non-vanishing size.
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Figure 6-5: Same as Figure 6-2, but with rtide/,QO = 100.
vanishing stellar size are taken into account, then, a slightly larger amount of free energy is released
into the globular cluster than is released by scattering events that treat the objects as point masses.
The energy that is liberated by the mass transfer process, in addition to producing ionizations even
when the velocity of the intruder is low (see Section 5.1.2), also produces an increase in the amount
of free energy that is available to the globular cluster as a whole.
The most surprising characteristic of the rise in the location of the crossover point, however, is
that it is so small. The energy that is liberated during the mass transfer process has a noticeable,
and often devastating, effect on those events for which it takes place (many of them are transformed
into ionizations . ..), which would seem to indicate that mass transfer should increase the amount
of free energy available to the cluster by a large amount as well.
The amount of free energy that is made available by the mass transfer process is limited by the
fact the cross section for events involving mass transfer is about a full order of magnitude smaller
than the cross section for exchange. Mass transfer events simply are too rare to have a large impact
on the amount of free energy available to the globular cluster.
Another factor which limits the amount of free energy released to the cluster is that much of
the energy released by mass transfer is used to ionize the original binary system. Though the
mechanical energy of the three-body system may change significantly as a result of mass transfer,
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the free energy does not include the binding energy of the binary. Effectively, any energy that is used
to ionize the binary system is subtracted from the free energy of the system. In order for an event
to become a mass-transfer ionization, the amount of energy released by mass transfer must exceed
the binding energy of the binary. Therefore the existence of mass-transfer ionizations indicates that
the inclusion of mass transfer provides another source of free energy for the globular cluster, though
the importance of that source is tempered by the fact that most of the energy that is liberated is
consumed during the course of ionizing the binary system.
6.2 Heat Injection Rates for Real Clusters
Amount of Energy Released by Scattering
I have calculated the rate of heat injection (Ra) into a real globular cluster (per binary system) in
a fashion that is very similar to the method used to estimate the rate of production of various kinds
of observable objects (see Section 5.2.2). The only real difference between these calculations lies in
the integrated quantity, which is < -A > rather than u(v):
R = n < aA > P(v)vdv, (6.1)
where n represents the density of neutron stars in the globular cluster, and P(v)dv is taken to be
the same Maxwellian distribution described in Section 5.2.2.
The models used for the two globular clusters 47 Tuc and w Cen are discussed in Section 5.2.2,
and the results of this calculation are presented in Table 5.2.2. The calculation of the energy injection
rate is plagued by the same sorts of uncertainties as the calculation of the various object production
rates. The only difference between the problems that face the object production rate calculations
and those that face the energy injection rate calculation is that the quantity A is measured in units
of the binding energy of the original binary. This fact may actually reduce the uncertainty in the
result, since multiplying by the binding energy of the binary makes the integrand dependent on a
rather than a2 , but the improvement is minimal at best.
Corresponding Expansion Rates
In order to estimate the importance of binary - single star scattering to the overall evolution of
globular clusters at the present time, I have transformed the rates of heat injection into rates of
expansion for the two clusters that I have modeled. In order to estimate the total energy of each
globular cluster I make use of its total mass and its tidal radius, as measured by Meylan (1987,
1989).
The expansion rates that result from this calculation are negligibly small by any standard, indi-
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cating that the free energy that is released to a globular cluster has no influence over the cluster's
evolution at the present time. In order for the process of binary - single star scattering to have
an appreciable influence over the evolution of the cluster, the rate of heat injection would have to
increase by something like twelve orders of magnitude. Since the rate of scattering increases with
the square of the stellar density, and since the density of stars increases with the cube of the tidal
radius, an increase of twelve orders of magnitude in the rate of heat injection requires a decrease of
about two orders of magnitude in the size of the globular cluster. If the clusters modeled here were,
at some point in the past or future, to be collapsed to 1% of their present size, then the process of
binary - single star scattering would release enough energy to reverse the collapse. In fact this kind
of compression is not unlikely, since globular clusters are expected to undergo a cycle of collapse and
re-expansion (Elson, Hut and Inagaki 1987, McMillan 1986a,b).
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Chapter 7
Conclusions
My primary purpose in undertaking the study described in the preceding chapters has been to
explore the possibility that the binary - single star scattering process may help to explain the large
numbers of unusual objects, such as bright X-ray sources and millisecond pulsars, that appear in
globular clusters. In addition, the present study may help to provide information about the injection
of "heat" or "free energy" into globular clusters. During the course of completing this work I have
simulated more than 1.2 million scattering events, making this study the largest that has been
conducted since HB.
In addition to being large, however, I believe that my work also is a significant improvement over
previous scattering studies because of the manner in which the non-vanishing sizes of the stellar
objects are treated. Although limitations upon computing resources have forced me to use relatively
crude models for the effects of non-vanishing size, these models are certainly better than treating
the objects as point masses.
The results of my simulations indicate that the inclusion of models for non-vanishing stellar
size may have a profound effect upon the outcome of the scattering process. The most startling
new result that I have seen is that including mass transfer in the calculations allows ionization
interactions to occur even at very low velocities. In essence the inclusion of my model for mass
transfer has allowed the system to tap into the binding energies of the objects. Specifically, the
material that is transferred from the main-sequence star to one of the compact objects experiences
an increase in binding energy, which is then released to the motions of the objects. This source of
energy is so large that the system may ionize even if its mechanical energy was less than zero at the
beginning of the scattering event.
Though the inclusion of mass transfer and of tidal perturbations has a relatively small impact
on the cross sections for ionization and exchange events, the model has a significant impact on the
production of those objects that have motivated this study. The primary reason for this enhanced
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significance is that these objects all involve mass transfer of some sort. As a result of the inclusion of
mass transfer during the scattering process, the production of millisecond pulsars is enhanced, since
their creation no longer requires the long-term evolution of a close binary system. The production
of close binaries, on the other hand, actually is suppressed when models for the non-vanishing
sizes of the stars are included, since mass transfer disrupts the closest binaries that result from the
scattering process. In addition, the release of energy that results from the mass transfer process
causes an increase in the production rate of wide binary systems.
The two most noteworthy attempts to include the effects of non-vanishing stellar size that pre-
ceded this study were conducted by KMJ and by Davies, Benz and Hills (1994, and references
therein). The calculational philosophy of this study is similar to the one used by KMJ, but I have
improved upon their calculation in several ways. The most obvious improvements are the inclusion
of a model for tidal perturbations, and an improvement in the approximations used to develop the
model for mass transfer. In addition, however, my work has chosen a different focus of study, which
makes it possible to apply this work to a broader range of stellar environments. Where KMJ chose to
follow the evolution of individual binaries as they journeyed through a specific stellar environment,
I have chosen to determine the likelihood of different outcomes to the scattering process.
The work done by Davies, Benz and Hills (1994, and references therein) represents another
serious attempt to include models for non-vanishing stellar size in the scattering process. These
authors make use of a smoothed-particle hydrodynamic (SPH) code as the basis for their models,
an approach which is very different from the one that I have undertaken. In order to facilitate
comparison between their work and mine I have performed several simulations involving the same
set of objects, 1.4---0.8-0.6, that those authors have used. Unfortunately the complexities of SPH
calculations have prevented Davies, Benz and Hills from generating a statistically significant sample
of scattering events. Since the chaotic nature of the three-body scattering process prevents me from
comparing individual events, a detailed discussion of the relative merits of the SPH approach and
my approach will have to wait until a larger sample of SPH events is available. From the small
sample of SPH calculations available at the present time I do not believe that this model is likely to
produce mass-transfer ionizations, however. Determining which model (SPH or the one used in this
work) provides a better description of real scattering is an important task that should be completed
as quickly as possible.
In order to present a thorough investigation of the effects of including crude models for the effects
of non-vanishing stellar size I have explored the importance of several different parameters, including
the strength of the tidal perturbation, the semi-major axis of the original binary and the orbital
eccentricity of the original binary.
The strength of the tidal perturbation in elliptical orbits, which is measured by the quantity
Ptide/QO in the model developed by Kumar, Ao and Quataert (1995), does not seem to play an
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important role in determining the outcome of binary - single star scattering. In fact, the inclusion
of tidal forces does not seem to have had a large effect on the results of the scattering process, except
for high-velocity ionization events. Because many of the details of tidal-interactions are unknown,
the fact that the inclusion of tides seems to play a relatively minor role in the outcome of the
scattering process is fortunate.
The orbital eccentricity, e, of the original binary has a stronger effect on the cross sections
calculated in this study. My results are consistent with the statement that the cross section for
resonant scattering scales linearly with e, with the result that the cross sections for mass transfer
onto the white dwarf and for mass transfer ionizations are enhanced, and the cross sections for
mass transfer onto the neutron star and for white-dwarf exchanges are suppressed. Although the
changes that result from altering the eccentricity of the original binary are significant, they are
much smaller than an order of magnitude. Furthermore, the distribution of eccentricities in globular
cluster binaries should be weighted toward nearly circular systems (see discussion in Section 5.2.2,
Phinney 1992, Heggie and Rasio 1995, Rasio and Heggie 1995), so that this factor does not present
a large obtacle to the transformation of my cross sections into production rates for unusual objects.
Increasing the semi-major axis, a, of the original binary, seems to produce a slight rise in the
normalized cross sections for exchange at the low velocity end of the spectrum, and a slight decrease
in the cross section for mass-transfer ionization at the high end of the velocity spectrum. Although
neither of these changes affects the normalized cross sections by as much as an order of magnitude,
there are a number of other aspects to the calculation of production rates that do depend strongly
on the value of the semi-major axis. This sensitivity makes it exceedingly difficult to transform my
cross sections into production rates which may be compared with observations.
Even though complete information on the distribution of semi-major axes in globular clusters
is unavailable, I have carried these calculations to their logical conclusion, determining the rates
of production of interesting objects for two globular clusters (47 Tuc and w Cen; see Table 5.2)
and estimating the total number of interesting objects produced in these clusters (Table 5.3). These
calculations seem to be consistent with observations of globular clusters, particularly when considered
to be lower limits, with other processes contributing to the production of interesting objects (see
Kulkarni, Narayan and Romani 1990, Rappaport, Putney and Verbunt 1989, Kulkarni and Narayan
1988, and references therein). Since observations of the number of pulsars in globular clusters also
can produce only lower limits (primarily as a result of the beaming of pulsed emissions), very little
more can be said with regard to the production of pulsars.
I also have calculated the rate at which heat is being injected into two globular clusters at the
present time. In fact this rate is negligibly small, which indicates that the scattering process has
virtually no influence on the overall dynamical evolution of globular clusters at the present time.
During a collapsed phase of a cluster's evolution, however, the scattering process may very well
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liberate enough energy to reverse the collapse (Elson, Hut and Inagaki 1987, McMillan 1986a,b).
There are two major directions that future researchers might pursue, in addition to the ongoing
improvement of SPH calculations. One is to extend my simulations to a broader range of mass
combinations and object types. Though I have been as thorough as possible in investigating the two
combinations presented here, these two only begin to explore the parameter space available. For
example, the main-sequence star could be changed into a giant star in order to examine another of
the kinds of scattering events likely to be taking place at the present time. Since main-sequence
stars make up the vast majority of objects in globular clusters (see, for example, Meylan 1987, 1989),
scattering events that involve two, or even three, non-pointlike objects should play a prominent role
in future calculations. Of particular interest are events that involve main sequence - main sequence
binaries and events that involve a main-sequence intruder impinging upon either a main sequence -
main sequence binary or a main sequence - compact object binary.
In pursuing this line of investigation, I recommend expressing the two independent mass ratio
variables in terms of the mass ratio between the objects within the original binary, qbin, and the
ratio between the intruder mass and the mass of the binary, qit = Mint/iMbin. The reason for this
suggestion is that, at least for determining the amount of heat injected, my simulations suggest that
qint plays an important role, a role which may not be noticed if the second mass ratio is taken to
be the mass ratio between the intruder and just one of the components of the original binary.
The other major avenue for improvement upon these calculations is to develop better models
for tidal perturbations and for mass transfer. The tidal model might be improved by expressing
the effects of the perturbation in terms of instantaneous rates of dissipation of energy and angular
momentum, rather than as changes produced over the course of a full orbit. Finally, a better
understanding of the mechanisms that produce dissipation within a star would help to provide
better limits on the parameter used to characterize the strength of the tide.
Numerous improvements might be made in the model for mass transfer that I have used here.
Probably the most important of these would be to calculate the effects of mass transfer at points in
the orbit other than periastron. Other significant improvements would be to account for the rate of
adjustment of the donor star to a loss of mass, to include the possibility of non-conservative mass
transfer, and to improve upon my estimate for the fraction of mass exceeding the critical potential
surface that actually is stripped from the donor star.
Further in the future the effects of mis-aligned spin and orbital axes, improvements in the model
used for stellar structure, and a relaxation of the condition that the stars remain incompressible
might be included in calculations of the type that I have conducted. However, I would assign these
modifications a much lower priority than those listed above.
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Appendix A
Fitting Functions
There are two portions of the calculation that demand the use of fitting formulae: the determination
of the effective radius of the critical potential surface (Ref1 ), and the determination of the changes
in the orbital parameters that result from mass transfer. Fortunately, one basic functional form
provides accurate fits for both of these needs over most of the interesting region of parameter space.
This formula is
f(Xz, X2) = A - B/z,( - C(x')/z02 + D(x 2)/xV 3, (A.1)
where f(zl, x2) is the quantity to be determined (either Ref or one of the changes in the orbital
parameters; see Section 3.5), and zl and X2 are the variables upon which the fitted quantity depends.
In both cases zx = q - M,ec/Mdon, while x2 = e (the orbital eccentricity) for calculating the changes
in the orbital parameters, and X2 = (wrot/WK) 2 (D/a)3 for calculating the effective radius of the
critical potential surface. Here w,ot is the rotational angular velocity of the donor star (assumed to
be parallel to the orbital angular velocity; see Section 3.2), wK is the instantaneous angular velocity
of the orbit, D is the separation between the two stars, and a is the semi-major axis of the orbit.
The values that were calculated for these fitting functions are presented in Tables A.1 and A.2.
However, the changes in the orbital parameters depend on three variables, with x3 = wrot/fperi
as the third (Operi is the angular velocity of the orbit at periastron). In order to include the
dependence on this variable, I fit Equation A.1 to data at three values of X3 and interpolate between
those points with the function
g(Xz, X2, z3) = AWo(X3 )fo(zX, z2) + BW1/ 2 (z 3 )f/ 2(zX, •2) + CW1(X 3)f 1 X1, 2). (A.2)
Here the fk refer to the functions defined above, for the cases of a non-rotating donor (superscript 0),
a donor co-rotating at periastron (superscript 1), and a donor rotating at half of the angular velocity
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A B C D
Ref -0.25201 -0.65592 0.02362 -0.00147
Non-rotating donor (wrot/lperi = 0)
drr/rdm -0.09400 1.99000 -6.00 x 10- 5  0.26000
drt/rdm 0.34865 -1.21917 0.58890 0.87277
drz/rdm 0.00000 0.00000 0.00000 0.00000
dvr/vdm -0.51100 3.06105 -0.45898 -0.00189
dvt/vdm 0.43079 -1.52116 0.74200 1.35194
dv, /vdm 0.00000 0.00000 0.00000 0.00000
dL,/Ldm -0.51221 -0.39852 0.01009 0.07720
Half-rotating donor (Wrotll/peri = 0.5)
drr/rdm 0.05200 1.48999 0.04100 0.19799
drt/rdm 0.04795 -1.05128 0.030180 0.39102
dr2/rdm 0.00000 0.00000 0.00000 0.00000
dvr/vdm 0.240002 2.94996 0.14000 0.44002
dvt/vdm 0.03691 -1.40700 0.14961 0.66948
dvz/vdm 0.00000 0.00000 0.00000 0.00000
dL_/Ldm -0.54252 -0.53450 -0.04285 0.00959
Co-rotating donor (Wrot/4 peri = 1)
drr/rdm 0.30077 1.53369 0.02409 0.39963
drt/rdm 0.26615 -1.0100 0.00801 0.02102
drz/rdm 0.00000 0.00000 0.00000 0.00000
dvr/vdm 0.31664 2.81578 -0.24417 0.46464
dvt/vdm 0.05168 -1.24977 0.18929 0.49775
dvz/vdm 0.00000 0.00000 0.00000 0.00000
dL,/Ldm -0.39999 -0.50000 3.00 x 10- 5  5.00 x 10-4
Table A.1: Table of values calculated for the coefficients used in the main fitting function: Eq. A.1.
at periastron (superscript 1/2). The functions of X3 are given by
Wo(X 3 ) = 1 + x '(21 Yi() - Y2(a)),
W1'/ 2(x 3 ) -YI(X 3 )(2X3 ) 1 ,
W1 (x3) =Y2(X3)(X3) ,
(A.3)
(A.4)
(A.5)
(A.6)
(A.7)
Yi(x 3 ) = sinh(-y2 ln(xa))/ sinh(7 2 ln(2))
Y2(x 3 ) = sinh(y2 ln(2X3 ))/ sinh(7 2 ln(2)).
The parameters that were calculated for the interpolation function are given in Table A.3.
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and
where
and
al 1 O2 02 a3
R~eff 0.14472 0.91608 0.24570 0.44140 1.46054
Non-rotating donor (Wro/tlperi = 0)
dr,/rdm 1.01000 1.87 x 10- 4  11.2600 0.88800 0.45700
drt/rdm 0.54158 1.98648 0.63971 1.04862 1.00008
drz/rdm 1.00000 1.00000 1.00000 1.00000 1.00000
dvr/vdm 1.00100 1.02121 0.11999 0.71223 0.94285
dvt/vdm 0.64730 2.61936 0.39127 0.98774 0.54841
dvz/vdm 1.00000 1.00000 1.00000 1.00000 1.00000
dL2 /Ldm 0.37222 0.94324 -1.06448 1.27939 -0.04810
Half-rotating donor (Wrot/Qperi = 0.5)
drr/rdm 0.90500 0.00483 1.66790 1.01006 0.18005
drt/rdm 0.61981 4.34297 -0.36920 0.05852 0.15962
drz/rdm 1.00000 1.00000 1.00000 1.00000 1.00000
dvr/vdm 0.76001 0.00293 1.16953 2.74010 0.62995
dvt/vdm 0.48258 3.72617 0.02245 0.40245 0.33154
dv, /vdm 1.00000 1.00000 1.00000 1.00000 1.00000
dL, /Ldm 0.49976 1.07758 0.43274 0.34935 3.64274
Co-rotating donor (wrot/Qperi = 1)
drr/rdrn 0.72762 3.90778 -0.24414 0.81679 0.40399
drt/rdm 0.78250 2.01204 0.60040 6.22 x 10-6 0.7840
drz/rdm 1.00000 1.00000 1.00000 1.00000 1.00000
dvr/vdm 0.68358 0.75984 -0.07141 1.40030 0.66956
dvt/vdm 0.44684 2.89541 0.19896 0.68950 0.57671
dvz/vdm 1.00000 1.00000 1.00000 1.00000 1.00000
dLz/Ldm 0.99999 0.00204 10.3014 0.04295 -0.76043
Table A.2: Table of values calculated for the exponents used in the main fitting function: Eq. A.1.
Table A.3: Values used to interpolate the calculated changes in the orbital
different values for the rotation rate of the donor star (see Eqs. A.2-A.7).
parameters between
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Quantity 71 72 A B C
drr/rdm 1.26 0.0003 1.0056 0.9938 1.0032
drt/rdm 1.765 0.0002 0.997 1.01 1.02
drz/rdm 1.0 0.0001 0.0 0.0 0.0
dvr/vdm 1.01 0.00007 1.001 0.996 0.994
dvt/vdm 0.857 0.00001 0.9971 1.0031 0.9929
dv /vdm 1.0 0.0001 0.0 0.0 0.0
dL, /Ldm 0.6333 0.00003 1.001 0.999 0.999
Appendix B
Transformation Rate Calculations
The results of the calculation described in Section 5.2.4 are presented in the tables that follow. The
numbers that are presented in these tables are measured in events per year per unit stellar density
(stars/pc3 ) per binary system.
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Table B.1: P = 30 days
Vdisp I log(P) 1/P 1/P 2
Ionization rates, events/year
5.0 4.6 x 10- 16 2.7 x 10-16 7.8 x 10- 17
10.0 6.6 x 10- 16 3.9 x 10-16 1.1 x 10-16
15.0 7.8 x 10- 16 4.6 x 10- 16 1.4 x 10- 16
20.0 8.7 x 10-16 5.2 x 10-16 1.5 x 10- 16
25.0 9.5 x 10- 16 5.6 x 10- 16 1.6 x 10- 16
30.0 1.0 x 10-15 6.0 x 10-16 1.7 x 10- 16
White-dwarf exchange rates, events/year
5.0 9.3 x 10- 16 4.2 x 10- 16 1.0 x 10- 16
10.0 1.4 x 10- 15  6.2 x 10-16 1.5 x 10- 16
15.0 1.7 x 10- 15  7.6 x 10- 16 1.8 x 10- 16
20.0 2.0 x 10- 15  8.7 x 10- 16 2.0 x 10- 16
25.0 2.2 x 10- 15  9.6 x 10-16 2.2 x 10- 16
30.0 2.4 x 10-15 1.0 x 10- 15  2.4 x 10- 16
Main-sequence exchange rates, events/year
5.0 3.3 x 10- 15  1.5 x 10-15 3.8 x 10- 16
10.0 4.8 x 10- 15  2.2 x 10- 15  5.5 x 10- 16
15.0 5.7 x 10- 15  2.7 x 10- 15  6.6 x 10- 16
20.0 6.3 x 10-15 3.0 x 10- 15  7.4 x 10- 16
25.0 6.8 x 10- 15  3.2 x 10-15 8.0 x 10- 16
30.0 7.1 x 10- 15  3.4 x 10- 15  8.4 x 10- 16
Isolated pulsar production rates, events/year
5.0 2.5 x 10- 16 1.5 x 10- 16 4.3 x 10- 17
10.0 3.6 x 10- 16 2.2 x 10-16 6.3 x 10- 17
15.0 4.3 x 10- 16 2.6 x 10- 16 7.6 x 10- 17
20.0 4.7 x 10- 16  2.9 x 10-16 8.5 x 10- 17
25.0 5.0 x 10-16 3.1 x 10-16 9.2 x 10- 17
30.0 5.3 x 10- 16 3.3 x 10-16 9.8 x 10-17
Pulsar - white dwarf binary production rates, events/year
5.0 2.8 x 10-17 2.6 x 10- 17  9.5 x 10- 18
10.0 4.2 x 10- 17  3.8 x 10-17 1.4 x 10- 17
15.0 5.0 x 10-17 4.6 x 10- 17  1.7 x 10- 17
20.0 5.7 x 10-17 5.2 x 10- 17  1.9 x 10- 17
25.0 6.1 x 10- 17  5.7 x 10- 17  2.1 x 10- 17
30.0 6.5 x 10- 17  6.1 x 10-17 2.2 x 10- 17
Pulsar - main-sequence binary production rates, events/year
5.0 3.1 x 10-16 2.3 x 10- 16  7.6 x 10- 17
10.0 4.4 x 10- 16 3.4 x 10-16 1.1 x 10- 16
15.0 5.2 x 10- 16 4.0 x 10-16 1.3 x 10- 16
20.0 5.8 x 10- 16 4.4 x 10-16 1.5 x 10- 16
25.0 6.2 x 10- 16  4.7 x 10-16 1.6 x 10-16
30.0 6.5 x 10- 16 5.0 x 10-16 1.7 x 10- 16
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Table B.2: P = 50 days
Vdisp I log(P) 1/P
Ionization rates, events/year
5.0 4.7 x 10- 16  2.3 x 10-16
10.0 6.6 x 10- 16 3.3 x 10-16
15.0 7.9 x 10-16 3.9 x 10-16
20.0 9.0 x 10-16 4.4 x 10-16
25.0 1.0 x 10- 15  4.8 x 10-16
30.0 1.1 x 10-15 5.2 x 10-16
White-dwarf exchange rates, events/year
5.0 1.2 x 10- 15 4.1 x 10-16
10.0 1.8 x 10-15 6.1 x 10-16
15.0 2.2 x 10- 15  7.5 x 10-16
20.0 2.6 x 10- 15 8.6 x 10-16
25.0 2.9 x 10-15 9.5 x 10- 16
30.0 3.1 x 10-15 1.0 x 10-15
Main-sequence exchange rates, events/year
5.0 4.1 x 10- 15  1.5 x 10-15
10.0 6.0 x 10-15 2.1 x 10-15 4
15.0 7.1 x 10-15 2.5 x 10-15 4
20.0 7.8 x 10 - 1 5  2.8 x 10 - 1 5  5
25.0 8.3 x 10-15 3.0 x 10-15
30.0 8.7 x 10- 15 3.2 x 10-15 6
Isolated pulsar production
5.0 2.5 x 10- 16 1.3 x
10.0 3.6 x 10-16 1.8 x
15.0 4.3 x 10-16 2.2 x
20.0 4.7 x 10- 16 2.4 x
25.0 5.0 x 10 - 16 2.6 x
30.0 5.2 x 10-16 2.8 x
Pulsar
5.0
10.0
15.0
20.0
25.0
30.0
Pulsar
5.0
10.0
15.0
20.0
25.0
30.0
rates,
10-16
10- 16
10-16
10-16
10-16
10-16
1/P 2
7.5 x
1.1 x
1.3 x
1.5 x
1.7 x
1.8 x
10-17
10-17
10-17
10-16
10-1 6
10-16
10 - 17
10-16
10-16
10-16
10-16
10-16
!.8 x 10-16
t.0 x
1.8 x
.4 x
,.8 x
.1 x
events/year
2.9 x
4.2 x
5.1 x
5.7 x
6.1 x
6.5 x
- white dwarf binary production
2.4 x 10- 17 1.9 x 10- 17
3.5 x 10- 17  2.8 x 10- 17
4.2 x 10- 17 3.4 x 10- 17
4.7 x 10- 17  3.8 x 10- 17
5.1 x 10- 17  4.2 x 10- 17
5.4 x 10- 17 4.4 x 10- 17
rates,
5.4
8.1
9.8
1.1
1.2
1.3
10-16
10-16
10-16
10-16
10-16
10-17
10-1 7
10-17
10- 17
10-17
10-17
events/year
x 10- 18
x 10- 18
x 10- 18
x 10- 17
x 10- 17
x 10- 17
- main-sequence binary production rates, events/year
2.7 x 10-16 1.8 x 10- 16 4.8 x 10- 17
3.9 x 10-16 2.6 x 10-16 6.9 x 10- 17
4.5 x 10-16 3.1 x 10-16 8.2 x 10- 17
5.0 x 10-16 3.5 x 10-16 9.1 x 10- 17
5.3 x 10-16 3.7 x 10-16 9.8 x 10- 17
5.6 x 10-16 3.9 x 10-16 1.0 x 10- 16
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Table B.3: P = 75 days
Vdjsp I log(P) 1/P 1/P 2
Ionization rates, events/year
5.0 4.3 x 10- 16 1.9 x 10- 16 3.3 x 10-17
10.0 6.2 x 10- 16 2.7 x 10- 16 4.9 x 10- 17
15.0 7.5 x 10- 16 3.3 x 10-16 5.8 x 10- 17
20.0 8.9 x 10-16 3.7 x 10-16 6.5 x 10- 17
25.0 1.1 x 10- 15  4.1 x 10-16 7.0 x 10-17
30.0 1.2 x 10-15 4.4 x 10-16 7.5 x 10- 17
White-dwarf exchange rates, events/year
5.0 1.5 x 10-15 4.0 x 10- 16 5.6 x 10- 17
10.0 2.3 x 10- 15  5.9 x 10-16 8.3 x 10- 17
15.0 2.8 x 10- 15  7.3 x 10-16 1.0 x 10-16
20.0 3.2 x 10-15 8.3 x 10-16 1.2 x 10-16
25.0 3.5 x 10-15 9.2 x 10-16 1.3 x 10-16
30.0 3.8 x 10-15 1.0 x 10-15 1.4 x 10-16
Main-sequence exchange rates, events/year
5.0 5.0 x 10-15 1.4 x 10-15 2.0 x 10-16
10.0 7.2 x 10- 15  2.0 x 10-15 2.9 x 10-16
15.0 8.5 x 10- 15  2.4 x 10- 15  3.5 x 10-16
20.0 9.3 x 10-15 2.7 x 10- 15  3.9 x 10- 16
25.0 9.9 x 10-15 2.9 x 10-15 4.2 x 10-16
30.0 1.0 x 10- 14  3.0 x 10- 15  4.5 x 10-16
Isolated pulsar production rates, events/year
5.0 2.4 x 10- 16 1.0 x 10- 16 1.9 x 10-17
10.0 3.4 x 10-16 1.5 x 10-16 2.7 x 10- 17
15.0 4.0 x 10-16 1.8 x 10-16 3.3 x 10- 17
20.0 4.4 x 10-16 2.0 x 10-16 3.7 x 10-17
25.0 4.6 x 10-16 2.1 x 10-16 3.9 x 10-17
30.0 4.8 x 10-16 2.3 x 10-16 4.2 x 10- 17
Pulsar - white dwarf binary production rates, events/year
5.0 2.0 x 10- 17  1.3 x 10-17 2.7 x 10-18
10.0 2.9 x 10- 17  1.9 x 10- 17  4.1 x 10-18
15.0 3.4 x 10-17 2.3 x 10-17 5.0 x 10-18
20.0 3.8 x 10-17 2.6 x 10-17 5.7 x 10-1 s
25.0 4.2 x 10- 17  2.8 x 10- 17  6.2 x 10-18
30.0 4.4 x 10- 17  3.0 x 10- 17  6.6 x 10-18
Pulsar - main-sequence binary production rates, events/year
5.0 2.3 x 10-16 1.4 x 10-16 2.8 x 10- 17
10.0 3.2 x 10-16 2.0 x 10-16 4.1 x 10-17
15.0 3.8 x 10-16 2.3 x 10-16 4.8 x 10- 17
20.0 4.1 x 10- 16 2.6 x 10-16 5.3 x 10- 17
25.0 4.4 x 10-16 2.8 x 10-16 5.7 x 10- 17
30.0 4.6 x 10-16 2.9 x 10-16 6.0 x 10-17
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Table B.4: P = 100 days
Vdisp I log(P) 1/P
Ionization rates, events/year
5.0 4.1 x 10- 16 1.6 x 10- 16
10.0 5.8 x 10- 16 2.3 x 10-16
15.0 7.3 x 10- 16 2.8 x 10- 16
20.0 9.1 x 10-16 3.2 x 10- 16
25.0 1.1 x 10- 15  3.6 x 10- 16
30.0 1.4 x 10- 15 4.0 x 10- 16
White-dwarf exchal
5.0 1.8 x 10-15
10.0 2.7 x 10- 15
15.0 3.3 x 10-15
20.0 3.8 x 10- 15
25.0 4.2 x 10-15
30.0 4.5 x 10- 15
Main-sequence exchange
5.0 5.8 x 10-15 1.3
10.0 8.2 x 10- 15  1.9
15.0 9.7 x 10- 15  2.3
20.0 1.1 x 10- 14  2.5
25.0 1.1 x 10-14 2.7
30.0 1.2 x 10- 14  2.8
Isolated pulsar productio
5.0 2.3 x 10- 16 9.0
10.0 3.2 x 10- 16 1.3
15.0 3.8 x 1016 1.5
20.0 4.1 x 10- 16 1.7
25.0 4.4 x 10- 16  1.8
30.0 4.6 x 10- 16 1.9
nge rates, events/year
3.8 x 10- 16
10-16
10-16
10-16
10-16
10-16
2.4 x
3.5 x
4.1 x
4.6 x
5.0 x
5.4 x
4.4 x
6.5 x
8.0 x
9.1x
1.0 x
1.1x
rates, events/year
x 10-15 1.6
x 10-15 2.3
x 10-15 2.7
x 10- 15  3.0
x 10- 15  3.3
x 10- 15  3.4
n rates, events/year
x 10-17 1.3
x 10- 16 1.9
x 10 - 16 2.3
x 10 - 16 2.6
x 10- 16 2.8
x 10- 16 2.9
Pulsar - white dwarf binary production
5.0 1.8 x 10- 17  9.3 x 10-18
10.0 2.5 x 10-17 1.4 x 10-17
15.0 3.0 x 10- 17  1.7 x 10- 17
20.0 3.3 x 10- 17  1.9 x 10- 17
25.0 3.6 x 10-17 2.1 x 10-17
30.0 3.9 x 10- 17 2.2 x 10-17
Pulsar
5.0
10.0
15.0
20.0
25.0
30.0
rates,
1.6
2.5
3.0
3.4
3.7
events/year
x 10 - 18
x 10- 18
x 10- 18
x 10 - 18
x 10- 18
3.9 x 10-18
- main-sequence binary production rates, events/year
2.0 x 10-16 1.1 x 10- 16 1.9 x 10- 17
2.8 x 10-16 1.6 x 10-16 2.7 x 10-17
3.3 x 10-16 1.9 x 10-16 3.2 x 10- 17
3.6 x 10- 16 2.0 x 10-16 3.5 x 10-17
3.8 x 10-16 2.2 x 10- 16  3.7 x 10-17
4.0 x 10- 16 2.3 x 10-16 3.9 x 10- 17
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1/P 2
10- 1 7
10-17
10-17
10-17
10-17
10-17
10-17
10-17
10-17
10-17
10-16
10-16
10-16
10-16
10-16
10-16
10-16
10-16
Epilogue
I believe that my experience at MIT is best summarized in the context of a song written by Harry
Chapin. I first encountered this song during my sophomore year at the College of William and Mary,
when I borrowed an album from my friend Sean (may he rest in peace). The name of this album has
vanished from my memory, but it consisted of a compilation of recordings from live performances
by Mr. Chapin, and in many cases the recording included part of his introduction to the song. The
cut that I have in mind was introduced in the following manner:
This is probably the favorite thing of mine, at least for me, that I have written. It's
about a small town in upstate New York, called Watertown, New York ... [brief pause
for applause] ... That's more than it deserves. I, uh, I spent a week there one afternoon
While my graduate career would measure only 42 dog years, in human terms it has spanned
much more than a lifetime.
The name of the song is A Better Place to Be, which by itself is eerily appropriate. The majority
of the song is offered from the perspective of a man who has had one of his dreams shattered.
Nearly a week before, the man had found a woman who appeared to be everything that he could
have wished, his very image of romantic success. Though the man was afraid of failure, he was
unable to resist the temptation that she represented, and he decided to risk approaching her. To his
astonishment she accepted him, and for a time he revelled in the joy of having achieved a success
that he had only dreamed possible. Before long, however, he learned that the woman had set aside
the things that made her human, and the experience nearly crushed his own spirit.
When I received my acceptance to the Massachusetts Institute of Technology I also was star-
struck. Here was my opportunity to prove myself against the very best scientific minds in the
nation, and I found the prospect thrilling, if more than a little intimidating. In fact, the challenge
represented by MIT probably was my most significant reason for choosing it as the place where
I would pursue my graduate career. I have never been afraid of hard work or sacrifice, and as I
completed my undergraduate degree I had every reason to believe that I was talented enough to
succeed at this most competitive level of scientific endeavor.
Unfortunately the sacrifices that are demanded by the Institute have very little to do with science.
As the woman in the song had lost her humanity, so has MIT sold its soul in the name of success,
and in the course of seeking to fill the void left behind, it mercilessly thrashes the humanity from
everyone who falls under its influence, from the most highly placed administrator to the newest
freshman. Although the Institute's denizens are undeniably successful, their success is rendered
meaningless by the fact that it has been won at the cost of those qualities that once made them
human. This truth can be read in the lines of bitterness and hopelessness etched upon every face
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within its confines. Somewhere, deep within their hearts, the inhabitants of MIT know that they
have lost touch with those things that make life worthwhile. The saddest part of this story is that
most of them cannot identify what has been lost - in fact many refuse to recognize that anything
has been lost at all. Instead they immerse themselves in their work, seeking to fill the void in their
lives with more success.
And the cycle continues.
Although my words may seem to indicate otherwise, the truth is that I leave the Institute with
neither bitterness nor regret. Perhaps some of my choices have resulted in circumstances that were
less pleasant than they might have been, but I chose the best that I could at the time. I am certain
that I would make the same choices, given the same information, and I would be foolish to regret
choices that I made in good faith.
In fact, since every trial also carries a lesson, I must acknowledge that I have learned a great deal
about academia and about human nature during my time at the Institute. I suspect that making
use of these lessons will help me to become a better man, a better hu-man.
Now that my degree is complete, my feelings are closely akin to those of a mariner who survives
a shipwreck. The arrival of the storm spurred me to amazing feats of strength, and will, and skill.
I am proud of the quality of effort that I put forth in fighting the elements, and am pleased by my
success in bringing my family safely through the danger. As I stand on the beach in the calm of the
storm's wake, though, I find it difficult to rejoice. Not only have I been prevented from reaching
my destination, but the pleasure of the journey has been taken as well. The stores that I struggled
so hard to build in preparation for my arrival have been swept away completely. In many ways the
most difficult task of all lies before me. I must learn to forgive the storm for the damage that it has
done, because holding on to my anger and resentment will harm only myself.
At the end of A Better Place to Be the protagonist re-discovers humanity in the person of a
friend who had been with him all along. I also have been blessed with the friendship of a number
of amazing people, and I owe them thanks for making possible my survival in this wasteland. Of
course, the gift of friendship is immeasurable, and I would never belittle it by trying to place my
friends in any particular order. Instead I will present them according to how closely they have been
related to the completion of my dissertation.
First upon this list must go Professor Paul Joss, who was kind enough to serve as my thesis
advisor. Paul rescued me from a near-desperate situation, and did a great deal to restore my
confidence, which had been flagging in the face of the tempest. This nightmare probably would not
have ended without his encouragement and emotional support.
The other members of my thesis committee also have had a hand in shaping the presentation of
the work that I have done. Professors Saul Rappaport and Ed Farhi have performed the wearisome
and thankless task of wading through drafts of my thesis without complaint. As a result of their
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efforts it is possible, just possible, that someone will be able to compare my results to observable
quantities.
Additional scientific insights have been provided by Professor Pawan Kumar and his students.
They understand the inner workings of stars far better than I do, and the credit for some of the
models which I have used must go, in large part, to their hard work. I would like to thank them
for their patience in dealing with my limited understanding, and for constructive criticism that has
improved this work considerably.
There are no words sufficient to describe the work that Peggy Berkovitz does for graduate stu-
dents, or the support that she has provided for me in particular. If the Physics Department has a
soul, Peggy embodies it with a warm smile and a sympathetic ear. She has done what she could to
smooth my own road through three advisors and three thesis projects; I only wish I had something
more adequate to say than "Thanks."
Although Dean Peggy Enders and her assistant Jill Pullen have not had very much to do with
my thesis, per se, they have been closely involved with my career at MIT. I would like to thank
them for the opportunities that they have provided me, and for their enthusiastic support. I would
also like to thank Dr. John Belcher, my academic advisor, and Dr. George Koster, the head of the
physics graduate division. Both are good, honorable men in very difficult positions.
A special note of thanks must also be given to Brenda Parsons. Brenda and I have suffered
through some very difficult times together. She certainly has made mine easier to bear, and I hope
that I have been able to do the same for her. I trust that she will join me in raising a celebratory
finger at the passing of the storm.
Of course the brunt of my grousing has been borne by my co-workers, and by my lunchtime
basketball friends. Even now I can feel their influence on me, baking out the anger and rage that
had soaked me to my soul. I could never hope to thank them all individually, but I would like to
mention especially (in no particular order) Daniel, Danielle, John, Pam, Grace, Jim, Tonya, Lam,
Chris, Don, Bob, Joannah, Beth, Eugene, Dave, Bob, Patrick, Derek, John, Roland, John, Geoff,
Fish, Gina, Bill, Grum, Michael, Frank, John, Larry, Oliver, Alexis, Chung, Tony, Dan, Dave, Jim,
Craig, Joe, Derek, Todd and Brett, and all of their Significant Others.
Finally, though certainly not last in my thoughts, I would like to acknowledge the support of my
family and my friends from outside of MIT. My parents and my wife, in particular, have given much
more to me than I could even have conceived, much less asked.
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